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BRITISH ASSOCIATION 
ANNUAL MEETING, 1938 


CAMBRIDGE, August 17-24 


As befits Cambridge, the programme for this year’s meeting of they 
British Association is exceptionally attractive mathematically. 

Among the visitors expected are Professor G. D. Birkhoff, Professor® 
S. Lefschetz, who will lecture on the fundamental problem of fixed) 
points in topological transformations, Professor A. Ostrowski, bringing’ 
a modification of Newtonian approximation, and Professor A. Speiser, 
looking ‘at elliptic functions from the standpoint of elementary geo- 
metry. The theory of groups and topological algebra are represented 
further by Mr. P. Hall, Dr. B. H. Neumann, Dr. O. Taussky, and Mr,; 
J. H. C. Whitehead, as well as by Mr. M. H. A. Newman, who is to 
speak on the topological characterisation of the sphere in n dimensions, 
a problem which goes back to Poincaré. Professor W. V. D. Hodge 
and Mr. B. Kaufmann have contributions on geometry and analysis, 
and Professor E. H. Neville and Mr. D. H. Sadler will follow Professor 
Ostrowski. 

The Association’s Committee on the Calculation of Mathematical 
Tables, acting through Dr. W. G. Bickley, Dr. J. C. P. Miller, and Dr, 
A. J. Thompson, will take members behind the scenes to look at some 
of ‘the problems, mathematical and typographical, that come between 
the simple decision to tabulate a function and the appearance of the 
printed volume. The National Accounting machine used by the Com- 
mittee for subtabulation and the preparation of printers’ copy is to be 
brought from London for inspection and demonstration, with an 
operator to explain the adaptations and ingenuities which have effected 
its conversion from commerce to pure science. Explanations and 
demonstrations will be given also of a number of other machines, 
including a model of the Bush integrator, the Mallock equation-solver, 
and Hollerith and other machines; in this exhibition the companies 
concerned are co-operating with the Association. Interest in the 
practical side of computation has been expressed and stimulated at 
Cambridge by the establishment of a mathematical laboratory, and 6 
visit is planned to this embryonic institution. 

Lastly, the application of methods and ideas of combinatorial analysis © 
to the planning of biological experiments will be explained in a series | 
of papers by Dr. C. C. Craig, Mr. H. W. Norton, Mr. W. L. Stevens, & 
Mr. F. Yates, and Dr. W. J. Youden. : 

Further particulars can be obtained from the Secretary of the Depart 
ment of Mathematics, Dr. D. M. Wrinch, Lady Margaret Hall, Oxford, 
A preliminary programme of the Cambridge meeting generally, with | 
conditions of membership, arrangements for accommodation, etc., will ) 
be supplied on request to the British Association, Burlington House, 
London, W. 1. 
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ANNUAL MEETING OF THE BRITISH 
ASSOCIATION, 1938 


Tue Annual Meeting of the British Association in 1938 will-be held 
at Cambridge, August 17-24. A programme notice appears on the 
opposite cover. 


GEOMETRY IN MODERN DRESS. 


By R. L. GoopstTeErn. 


WHEN it is said of the Axioms of Projective Geometry that, for the 
“points ’’, “lines” and “ planes ” of which the Axioms treat, we 
may take what elements we please (provided only that the Axioms 
be satisfied), it is, I believe, tacitly assumed that the elements so to 
be taken are classes of algebraic symbols. That in point of fact the 
“elements” most commonly used, at least in the introductory 
stages of learning geometry, are not “points”, “lines” and 
“ planes ’’, but dots, dashes and blackboards, is rarely acknowledged. 
Only too often the so-called “‘ figure ” of a theorem is apologised for 
and treated as a mere concession to human weakness. Whereas in 
fact the “dot ”’, “dash ” and “ blackboard ”, as elements satisfying 
the Axioms, provide, in many cases, a most excellent symbolism 
for the expression of geometrical theorems. Were it not that we 
were taught to work in just that symbolism, Geometry would be 
as difficult to learn as long division in the Hebrew number system. 
To convince one’s self of this, replace the familiar terms “ point ”, 
“line” and “plane” by (say) “li”, “lo”, and “la”, and then 
attempt to prove (without, of course, translating from the familiar 
symbolism) that ‘‘ There is a unique ‘lo’, containing a ‘li’ not on 
> 
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either of two ‘los’, not lying in a ‘la’, and having a ‘li’ in common 
with both of them”. I try to show by this that it is our habit of 
thinking of the terms “ point ’’, “line ”’, “plane” as “dot”’, “dash”, 
“board”, which facilitates the use of the “ point-line-plane ” sym- 
bolism. If we treated “point”, “line” and “ plane” as symbols 
signifying certain réles in a system of symbols (as indeed they are, 
exactly as characters in a play are réles capable of being played by 
many actors) and abstracted them from the imagery of dots and 
dashes, we should find them as difficult to work with as the “li”, 
“lo”, “la” symbols suggested above. Every teacher of geometry 
is, I am sure, aware of this so long as he is teaching, but seems 
tempted to lay aside this knowledge when he exchanges the teacher’s 
rostrum for the study. 

The propositions of geometry take on very different outward 
forms when expressed in new symbolisms. To show how great 
these differences may be is one of the objects of this paper. We 
shall give a brief account of two symbolisms, each of which has 
equal claim to give this paper its title. The first presents the 
“geometry ’”’ of the ‘‘ International Typewriting Agency”. In 
the second we shall find geometry in the Modern Dress of rigid 
formalism. 

Our purpose is not alone to provide many new puzzles and 
diversions (as it is hoped we do), but also to throw some light on what 
might be called the foundations of geometry, for only by comparing 
the many forms in which the propositions of geometry may be 
expressed, can we learn something of their real nature. 


Part I. 

The “ International Typewriting Agency ”, recently interviewed 
by a Special Correspondent of the Mathematical Gazette, revealed 
some interesting facts about their vast staff and organisation. 

Each of the many firms (the Agency stated) whose work the 
Agency undertook, provided them with a list of the makes of type- 
writers they approved of, insisting, firstly, that their work be done 
only upon the models specified in this list, and, secondly, that their 
work be undertaken by any typist who was able to use two, or 
more, of the specified models. 

The lists of models approved by the firms showed that of any 


three firms only one model was approved by all three ; and that & 


each selection of three models appeared on only one list. 

All the Agency’s typists were taught to use a great variety of 
typewriting machines, and (to keep them in practice) were allowed 
to undertake work only for such firms as approved of all the models 
they were able to use. If two typists were able to use the same 
model, they took care to ensure that both undertook work for the 
same firm. 

To simplify the supervision of their staff they arranged that only 
one typist used any two particular models ; and that one particular 
model was used by any two girls who worked for the same firm. It 
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was, furthermore, their practice to assign to any two firms one 
typist, who worked for both and who was able to use any model of 
which both firms approved. 

At the conclusion of the interview the manager of the Agency 


(who was very fond of puzzles) proposed the following problems to 
the readers of the Gazette. 


ProBLEM 1. Show that if one of our typists does not work for 
a certain firm, then she must be able to use a make of typewriter 
approved by that firm. 


ProBLEM 2. Two of our typists, Mary and Joan, who do not 
work for the same firm, are unable to use a certain model (the well- 
known X-typewriter, in fact). Show there is a typist on our staff 
who can use an X and can also use models which Mary and Joan 
use. 


PRoBLEM 3. Model X is used by Mary, Molly and Ann, three of 
our typists, who also use models A, A’; B, B’; C, C’ respectively. 
Denoting by (XY) the (only) typist who uses models X and Y, 
show that the typists (AB) and (A’B’) use the same model, and 
so too the typists (BC), (B’C’) and (CA), (C’A’), and, further, that 
there is a typist on our staff who can use all the three models. 

Solution of Problem 2. Let A and A’ be two models used by 
Mary, and B, B’ two used by Joan. 

Let “a” be the (name of the) firm which approves of models 
X, A and A’, and “ 8 ” that which approves of X, B and B’. 

Let “1” be the (unique) typist who works for both « and f. 

Since « and B approve model X and / works for them, / uses 
model X. 

« approves models A and A’, used by Mary, and so Mary works 

for «. Thus Mary and / work for the same firm, and so there is a 
model which they both use. So, too, for Joan and 1. 
To express “ conic”’ theorems in this symbolism we must give 
some further information about the Agency. To do this briefly it 
is necessary to explain the Agency’s special use of the terms 
“linked ” and “ alligned ”’. 

If there is a model X (say) such that (for each value of r) a model 
A,, used by a typist a, and a model B,, used by a typist b, are 
both used by a typist who uses X, then the Agency speaks of the 
models A, and B, as “ alligned ”’. 

If the models A, and B, are each alligned with the models C,, 
then A, and B, are said to be “ linked ”’. 

Analogously the Agency speaks of linked or alligned typists a, 
(all using model A) and 6, (all using model B). 

We can easily see that alligned models are linked. 

Having explained these terms we can now set forth the Agency’s 
regulations regarding which models may or may not be stood on 
the same desk. Denoting by (ab) the model used by the typists 
a and b, the regulations may be expressed thus : 
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(1) If the typists a, (all using model A) and the typists 5, (all 
using B) are linked, and all work for the same firm, then all the 
models (a,b,) stand on the same desk. 

(2) If a number of models stand on a desk then there are two of 
them (A and B, say) such that, if P is another model on the desk, 
the typists (AP) and (BP) are linked. 

It can be shown that provided there are two models on a desk 
satisfying condition (2) above, then any two models on the desk 
satisfy that condition. From the same condition it follows, easily, that 
any five models may be placed on the same desk, but if six models 
are so placed, we learn something about the typists who use them. 
For suppose the six models A, B, C, D, E, F stand on the same desk, 
then if X is the model used by both the typists (AB) and (CD), 
Y the model used by (DE) and (BF) and Z by (AL) and CF), there 
is a typist on the staff who can use all three models X, Y and Z. 
(Pascal’s Theorem.) 





Part II. Tue GAME OF LETTER-BOARD. 


The game is played on a board, divided into rows and columns, 
by placing letters in the rows and columns. The object of the game 
is to challenge an adversary to obtain a specified final position from 
a specified initial position, letters to be added according to the 
following rules : 

Any 2 letters may be placed, in the Ist column, in a row. Any 
3 in a row in the 3rd column. The same letter may be added to 
each of 3 rows in the 3rd column. The same 2 letters may be 
added to each of 2 rows in the 3rd column. If 2 rows in the Ist 
column have a letter in common, we may put all the letters of both 
rows in the 3rd column. If 4 letters are in a row in the 3rd column, 
we may form two rows in the Ist column, each containing 2 of the 
four letters, and add the same (additional) letter to each of the two 
rows so formed. 

A row in the 2nd column must have at least 3 letters, and a row 
in the 4th at least 4. 

Three letters in a row in the Ist column may not be entered in a 
row in the 2nd column, and vice versa. If 2 rows in the Ist column 
have not more than | letter in common, then all the letters of these 
2 rows may be placed in a row in the 2nd column. 

No four letters in a row in the 3rd column may be entered in a 
row in the 4th column, and vice versa. 

If 2 rows in the 3rd column have not more than 2 letters in 
common, any selection of 4 letters from the two rows (at least one 
from each) may be entered in the 4th column, provided : 

(1) If the rows have 2 letters in common, at least one letter from 
each row is chosen, which is not in a row, in the Ist column, witb 
the common letters. 

(2) If the 2 rows have 1 letter in common, at least 2 letters are 
chosen which are not in a row, in the Ist column, with the common 
letter. 
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If 4 letters from 2 rows in the 3rd column (at least one from each) 
appear in a row in the 4th column, then all the letters common to 
the two rows may be entered in a row in the first column. 

If 2 rows in the first column have 2 letters in common, then all 
the letters of the 2 rows may be entered in a row in the Ist column. 

If 2 rows in the 3rd column have 3 letters in common, which are 
not in a row in the Ist column, then all the letters of the 2 rows 
may be entered in a row in the 3rd column. 

If a row in the Ist column and a row in the 3rd have 2 letters in 
common, all the letters of the 2 rows may be placed in a row in the 
3rd column. 

If a row in the 3rd and a row in the 4th columns have 3 letters in 
common, we may form a new row in the 4th column by replacing 
one or more of the common letters in the row in the 4th column by 
other letters from the row in the 3rd. 

If rows in the Ist and 2nd columns have 2 letters in common, we 
may replace one or both of the common letters in the row in the 
2nd column by other letters from the row in the Ist column, form- 
ing a new row in the 2nd column. 

If 4 letters are in a row in the 4th column, any 3 of them may form 
a row in the 3rd. 

If 4 letters, say A, B, C, D are in a row in the 4th column, we 
may take any additional letter, say X, and enter ABX, CDX in 
rows in the 2nd column. If, in addition, one of these letters, say 
D, is in a row in the Ist column with some other letters, Z and M, 
then ABCLM may be entered in a row in the 4th column ; if ABC 
and some H and J are in a row in the 3rd column, HJD may form 
a row in the 2nd column; if 4BHJ, CDRS are rows in the Ist 
column, then HJRS may form a row in the 4th column. 





GaME I. Initial position : 


First Second Third Fourth 
PAB ABCD 
PCD 














To place ABS, CDT, PST in three rows in the 1st column. 
Final position : 


First Second Third Fourth 


PLM PAB PABLM | ABCD 
ABS PCD PCDLM 
IMS 
PLMS 
CDT 
LMT 
PLMST 

















Explanation. Place PAB, PCD in rows 1 and 2 of 3rd column. 
Add LM to these rows. 
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P, Land M are in common to 2 rows of 3rd column (and ABCD 
is in 4th column), so we may place PLM in a row in Ist column. 

ABLM are in a row in 3rd column, so we may enter ABS, LMS 
in rows in Ist column. So, too, CDT, LMT. 

PLM, LMS, rows in Ist column, have 2 letters in common, so we 
may enter PL.MS in a row in Ist column. 

So too PLMS and LMT, so we may enter PLMST in a row 
in lst column, giving required result. 





GamE II. (Desargues’ Theorem.) 
Initial position : 


First Second Third Fourth 
OAA’ OABC 
OBB’ 

OCC’ 


To place ABH, A'B'H, BCK, B'C'K, ACJ, A'C'J, HJK in rows 
in the first column. 
Final position : 


First Second Third Fourth 
OAA' OAB ABC OABC 
OBB’ OAC A'B'C’ A'ABC 
OCC’ OBC ABCLM 
ABH A'B'C'LM 
A'B'H AA'BB' 

BCK BB'CC’ 
B’C'K CC'AA’ 
ACJ ABCLMH 
A'C'J A'B'C'LMH 
ILMH ABCLMK 
LMK A’'B'C'LMK 
LMJ ABCLMJ 
LMHJK A'B'C'L MI 
OAB 
OABA' 














Explanation. Since O, A, B and C are in a row in the 4th column, 
we may enter any 3 of them in the 2nd column. 

To ABC, A’B'C’ in 3rd column we add LY. 

OAA’', OBB’ in the Ist column have the letter O in common, so 
we enter AA’BB’ in the 3rd column. So, too, BB’CC’, CC'AA’. 

Since 4A’BB’ is a row in the 3rd column, we enter ABH, A'B'H 
in the Ist column. And similarly BCK, B’C’K, ACJ, A'C'J. 

Since ABCLM in column 3 and ABH in column | have 2 letters 
in common, we enter ABCLMH in column 3. And similarly 
A'B'C'LMH, ABCLMK, etc. 

Enter OAB in 3rd column, then, since OAB in the 3rd column 
and OAA’ in the Ist have 2 letters in common, we enter OABA’ in 
the 3rd column. 
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ABCO in the 4th and ABA’O in the 3rd column have 3 letters in 
common, viz. A, B, O, so we may replace the letter O in the 4th 
column by A’ from the 3rd and form the row ABCA’ in the 4th 
column. 

Four of the letters in the rows (of the 3rd column) ABCLMH, 
A'B'C'LMH, viz. A, B, C, A’, are in the 4th column, and so we 
may place LMH in the Ist. So, too, LMK, LMJ. Since the rows 
LMH, LMK, LMJ have 2 letters in common, we may enter 
IMHKJ in the 1st column, as required. 

To express “conic” theorems we require 4 more columns. 

In columns 5 and 6 we enter rows of pairs of letters. 

If ABCD ... and A’B’C’ ... are 2 rows in the 1st column, and if 
AA'X, BB'X, CC’X, ... are rows in the Ist column, then we enter 
the pairs AA’, BB’, CC’, etc., in a row in column 5. And, corre- 
spondingly, if the pairs AA’, BB’, CC’, ... are in a row in column 5, 
we enter ABCD... , A’B'C’ ..., AA'X, BB'X, CC'X, ... in rows in 
the Ist column. 

If the pairs AX, BY, CZ,... and the pairs A’X, B’Y, C’Z,... 
are in rows in column 5, then we enter the pairs 4A’, BB’, CC’,... 
in column 6; and vice versa. 

No less than 6 letters may form a row in the 8th column. 

No letters in a row in the 7th may form a row in the 8th column, 
and vice versa. 

Any letters in a row in the 7th column go into a row in the 
3rd. 

Any letters in a row in the 4th may form a row in the 8th column. 

Any 3 letters or more from a row in column 7 may form a row in 
column 2. 

If 2 rows in the 7th column have 5 letters in common, we may 
form a row in column 7 from all the letters of the 2 rows. 

If 2 rows in the 5th (or 6th) column have 3 pairs of letters in 
common, then we may place all the pairs in the 2 rows in a row in 
the 5th (or 6th) column. 

If the pairs AA’, BB’, CC’, DD’ form a row in the 6th column 
and VAA’, V BB’, VCC’ are rows in the lst column, then VDD’ 
may be entered in a row in the Ist column. 

If the pairs A,B,, A,B,, A,B;, A,B, form a row in the 6th column 
and the pairs A,C,, A,C,, A3;C3, A,yC, and B,C,, B.C,, B,C, form 
rows in the 5th column, then the pair B,C, may be added to the 
row B,C,, B,C,, B,C; in the 5th column. 

If the pairs A,B,, A,B,, A;B;, ... form a row in the 6th column, 
and if A,DP,, B,MP,, A,LP,, B,MP,, A,LP;, B,MP3, ... form 
rows in the Ist column, then LMP,P,P, ... may form a row in the 
7th column. 

If LMP,P,P, ... is a row in the 7th column, we may introduce 
A,A,..., B,B,... and add them to DMP,P, ... to form a row in 
the 3rd column, and enter A,LP,, B,MP,, A.LP,, B,MPz, ... in 
rows in the Ist column and the pairs A,B,, A,B,, A,B, ... in a row 
in the 5th column. 
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Game ITT. 
To place a row of pairs of letters in the 5th column into a row in 
the 6th. 


Gam_E IV. 

A,B,, A,B,, A,B, A,B, and B,C,, B,C,, B,C 3, B,C, form rows 
in the 6th column. To place A,C,, A,C,, A3sC3, AC, in a row in 
the 6th column. 

Game V. 

Given ABCDEF in a row in column 7, to enter ACQ, FEQ, ABP, 
FDP, BEV, CDV, PV@Q in rows in the lst column (Pascal’s 
Theorem). 

Final position : 


1 2 3 415 6 7 8 
ABP | ABD| ABCDEF PQ, RC, BS, AA | ABCDEF 
FDP | ABF 
FEQ | ACE 
ACQ | ACF 
BVE | BEC 
CVD | BED 
ABR 
CDR 
ACS 
BES 
AV 
ABPR 
ACQS 
PVQ 























Explanation. ABCDEF, being in column 7, may be entered in 
column 3 and any three of the letters in column. 

Since AB and DF are in column 3 we may enter ABP, FDP in 
the Ist column—and similarly FEQ, ACQ, etc. 

Since ABP and ABR have 2 letters in common, we enter 4BPR 
in the Ist column, and so too ACQS. Since ABCDEF is a row in 
7, it follows from Game IV that PQ, RC, BS, AA may form a row 
in column 6 (ABPR and ACQS being rows in Ist column). But 
AV, BVS, CVR are in Ist column, so we may enter PVQ in Ist 
column. R. L. G. 





GLEANINGS FAR AND NEAR. 


1188. Original statement in Motor Cycle, 26th August, 1937 : 
** We all know that no matter what the speed of an engine, the piston comes 
to a dead stop at the end of each stroke and has to be started from rest in 
the opposite direction. It then has to be accelerated until it is travelling at 
its maximum speed again—just before the ‘ half-way-down-the-stroke’ 
position.” [continued on p. 233. 



























COMMONSENSE OF NUMBER 


COMMONSENSE OF NUMBER. 
By D. K. Picken. 


1,1. This contribution to a fundamentally important subject has 
a multiple origin. Its immediate occasion* is the address by Professor 
Temple, on “‘ The Theory of Complex Numbers ”’, published in the 
Gazette of July 1937; and its theme is another alternative to the 
two types of “‘ theory” there considered (“‘ descriptive” and “ con- 
structive ”’)—which may be designated descriptive-in-terms-of- 
discovery. 

Like most things that matter—in Science, at any rate— 
“Number ” is discovered, not created or invented, by man; al- 
though, of course, as in other scientific discovery, large elements of 
“creation ”’ and “ invention ” enter into the process of discovery : 
nowhere, perhaps, more than here—where they enter to such a 
degree that they tend to be much more emphasised than the dis- 
covery itself.t 

1,2, 1. In agreeing “ that the representation of complex numbers 
as vectors is inadequate’, the writer thinks it should be stated, 
quite expressly, that no ‘‘number” is itself a “‘ vector” (and no 
“vector”? a “‘number”’);{ but that there is a basic practical 
relation between ‘‘ numbers” and ‘“ vectors ’’—which emerges at 
an early (logical) stage of the process of discovery here under 
review.§ 

1, 2,2. In agreeing, further, that “‘ a thoroughgoing operational 
theory” is the key to the problem of Number, the writer would 
amplify that proposition by noting (1) that this is characteristic, 
not only of the essentially “‘ complex numbers ’’, but of ‘“‘ number ”’ 


* Its deeper origin is a lifework of teaching, rooted in direct study of ‘“‘ Number ”, 
asa mathematical phenomenon. At a certain stage of its development, the results 
of that study were published in a little book: The Number-System of Arithmetic 
and Algebra (Melb. Univ. Press). That book was somewhat severely criticised in 
the Gazette (XVIII, 231, p. 359): making evident the fact that it had failed to 
convince a highly competent reviewer. Consequent correspondence with that 
reviewer stimulated fruitful revision and development of the presentation of the case. 
This was partly represented in a paper to Section A of the Australasian Association 
for the Advancement of Science (Auckland, N.Z., Jan. 1937)—not offered for 
publication to that body. The work of revision—and completion—has been 
finished during 1937. 

This present paper (it seems necessary to add) is to be regarded as a personal 
contribution to a difficult (and even controversial) subject. 

+ Thus Dedekind, in his famous essay on “‘ Continuity and Irrational Numbers ”, 
says “ negative and fractional numbers have been created by the human mind ” 
(p. 4); and, again, in a section headed “ Creation of Irrational Numbers”, he 
says “... we create a new, an irrational number...” (p. 15) (Open Court Publish- 
ing Co.’s translation (1901) of Essays on Number by Dedekind). It seems to be 
highly important to distinguish between what we “ create” (or “ invent”) and what 
we “discover”. In Mathematics we create modes and forms of expression, and 
invent technique. 

{ The “ pure vector ”, of standard Vector Analysis, is most simply conceived as 
being constituted of ‘‘ a real number ” and a direction. 


§ Vide § 6, infra. 















226 THE MATHEMATICAL GAZETTE 
in general (indeed, its essential characteristic—as will be urged in 
this discussion) ; (2) that in a “‘ thoroughgoing ” investigation—in 
terms of discovery—‘‘ number ” emerges, not only as “ operator ”’, 
but also as that which is ‘“‘ operated” on—and as that which results 
from the ‘* operations ”’—in the theory of Number, as such. * 

1,3. In fact, the thesis which will be here maintained is that 
that which essentially characterises “number” is the system of 
seven ‘ operations ” :—Addition and Subtraction ; Multiplication 
and Division ; Involution (or Potentiation), Evolution (or Radica- 
tion) and Logarithmation.t But the crux of the whole theory (as 
here presented) is that these terms are used in two quite distinct 
senses—which are, of course, so intimately related as completely to 
justify a common terminology (somewhat analogous to use of a 
common name for father and son!). This is, in effect, the starting- 
point of the present argument. 


“ec 


2,1. From the commonsense approach of ‘ discovery ’’—in a 
kind of rationalisation of the actual historical development— 
“number ” exists in two, and only two, distinct categories,} viz. : 

(1) that of the Natural Numbers—one, two, three, ... ; 

(2) that of the ‘‘ Numbers ”’ which constitute the mathematical 
system (as we ordinarily wse it)—for which no really 
satisfactory name is actually in use.§ 

(For the practical purposes of exact science, the unqualified term 
“number ”’ is quite appropriate to this second category.) 

2,2. The distinction between these two categories—which the 
writer believes to be much more important than is generally recog- 
nised ||—corresponds to the distinction between the elementary 
processes of “‘ counting ” and ‘‘ measuring ”’, in which they, respec- 


* Elsewhere—throughout Physical Science—the “operator” alone is & 
“number”: the two other quantities, involved in the “ operation ”, being of some 
- other kind (vide, e.g., § 4, 2 infra). On the other hand, of course, an “ operator” 
—even in Pure Mathematics—is not necessarily a ‘‘ number ”’. 

+ Vide §3, infra. 

{ Here, the context of “‘ commonsense approach ”’ is essential to the argument. 
The endeavour is to deal with ““ number ”’, carefully and accurately, as it has been 
discovered—for use by scientific workers in its highly important applications. This 
leaves untouched the logical and philosophical discussion of the number concept 
—though it is by no means irrelevant to that discussion. 

The view may be taken that ‘“‘ commonsense ” requires only one category ; but 
that would surely be mistaken—seeing that there is much real and practical 
knowledge of the numbers of “ counting”, quite unassociated with any other 
adequate knowledge of “‘ number ”—also that, even among the educated, know- 
ledge of “ numbers ”’ of any other kind is still so hazy (as indicated by common 
use of such terms as “ fraction” and “‘ minus quantity’). See also § 2, 2, with 
footnote. 


§‘* Complex Number ” is generally used in such a way as to be inclusive of all 
the ‘“‘ numbers ” of this second category. The general question of the terminology 
of “*‘ Number”, in mathematical theory, is one for critical discussion—not coming 
within the scope of this paper. 

|| It is rooted in the distinction, from this point of view, between the Natural 
Numbers and “ the positive integral numbers”. Vide § 3,3 and § 6, 3, infra. 
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tively, originate. In the case of Natural Numbers, the “ discovery ” 
is of so elementary a character that—at any rate, in its essentials— 
it might almost be characterised as intuition. On the other hand, 
the discovery of ‘‘ number”, in the sense of the mathematical 
sciences, has been an age-long process ; and, in terms of anything 
like adequate understanding—even for practical purposes—it is, by 
no means, either obvious or elementary. 


3, 1. It is in quite elementary knowledge of the Natural Numbers * 
that we find the seven basic “ operations’: “‘ Addition ” being, in 
this context, part and parcel of the basic discovery (or intuition)— 
and the other six operations, elementary variations on the theme of 
Addition. The characteristics of “‘ commutation” and “ associa- 
tion” being inherent in this elementary operation (as so discovered), f 
the “inverse” operation, “ Subtraction ’’, is an immediate corol- 
lary ; and the operation of “‘ Multiplication ” (for two numbers, of 
which one is the number of terms in an extended addition with each 
of its terms equal to the other) is a secondary consequence. 

Multiplication (as so arrived at) proves also to have the character- 
istics of “‘ commutation ” and (in extension) “ association’ ; hence 
—by analogy—its ‘‘inverse”’ operation, “ Division”; and the 
further (‘‘ direct ’’) operation, ‘‘ Involution ” (or ‘‘ Potentiation ’’). 
But Involution (as so arrived at) proves not to have corresponding 
characteristics of commutation and association; { hence, two dif- 
ferent operations “inverse ”’ to Involution, viz. “‘ Evolution ”’ (or 
“ Radication ”’) and “‘ Logarithmation ’”—and no further “‘ direct ” 
analogue to Multiplication and Involution. 

The three operations of the “direct” type are applicable without 
restriction, within the Natural Number system. The four of the 
“inverse ”’ type are subject—within that system—to restrictions of 
such increasing severity that, whereas Subtraction (with its obvious 
fifty per cent. restriction) is a useful operation of Elementary 
Arithmetic,§ Logarithmation is of only formal significance in this 


* Dedekind (loc. cit.) says: ‘‘ I regard the whole of arithmetic as a necessary, or 

at least a natural, consequence of the simplest arithmetical act, that of counting 
..” (p. 4). This—somewhat abstracted from its context—is the view here taken 

of the arithmetic of the Natural Numbers. 

(Dedekind’s view of the significance of “‘ measurement ”’ is a good deal different 
from that expressed in this treatment. He was so intent on his share in the great 
pioneering work in one direction—“‘ that arithmetic shall be developed out of 
itself” (loc. cit., p. 10)—that he seems to have missed some of its implications in 
the opposite direction. His insistence on “ creation” of numbers by the human 
mind ” (vide footnote to § 1, 1, supra), and his incidental references to “‘ the com- 
plex numbers ”’ (loc. cit., p. 10), are highly significant. The present writer—who 
owes more to the inspiration of that one essay than to any other single source— 
indicates his own view on these points in §§ 6 and 7, infra.) 


t It is, of course, possible to make a logical analysis of these basic facts about 
Addition of the Natural Numbers. 


t Eg. 29=8, 38=9; (23)#=2, 26¢)—28 ; also (38)*=3%, 3@*)=3%”, 


§ Also Division—especially when combined with Subtraction in “ the Division- 
transformation ”’. 
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context *—and, for that reason (no doubt), not even named among 
the arithmetical operations. + 

3, 2. Besides the “‘ Laws ”’ (so called) of Commutation and Associ- 
ation (in Addition-and-Subtraction, and in Multiplication-and- 
Division), there are also (discovered in this context) the character- 
istic ‘‘ Laws of Distribution ”’, for Multiplication—and for Division 
—in conjunction with Addition-and-Subtraction ; and “ Laws of 
Indices’, for Involution in conjunction with Addition-and-Sub- 
traction and Multiplication-and-Division—and their corollaries in 
terms of Evolution and Logarithmation. t 

These so-called ‘“‘ Laws” (of this sub-section) are, of course, 
theorems—subject to proof, by reference back to the basic facts of 
Addition. § 

3, 3. All this is the foundation of the structure of mathematical 
science—but (in the view here presented) only its foundation. The 
whole super-structure—from ground floor (the ‘“‘ Positive Integral 
Numbers ’’) to top storey (the ‘“‘ Unreal Numbers ”’)—is built upon 
it.|| It is quite simple and elementary—well within the range of 
discovery of a mathematical ‘‘ Swiss Family Robinson”. But that 
is far from being true of the other of the two categories of ““ Number ” 
here under consideration. 

Before proceeding to consideration of this “‘ second category ”’, it 
is important to note, further : 


(1) that infinity is a characteristic of the essential simplicity of 
the system of Natural Numbers—and, of all its charac- 
teristics, the most important ; 


* The curious thing is that Logarithmation is not usually dealt with at this 
stage—where the relevant facts are quite simple and elementary—although the 
general mathematical operation of Logarithmation (unlike the other operations) is 
of no particular significance again, until the stage of the “‘ Real Numbers ”, where 
all the relevant facts are peculiarly difficult. The interesting section on “‘ Loga- 
rithms ” in the Math. Assoc. Report on the Teaching of Arithmetic should be looked 
at from this point of view. 

+ The standard notation for the last two of the seven operations is not quite 
good enough. There is more than one possibility for the last three ; but, retaining 
a? (as, probably, the best possible form) for Involution (Potentiation), the other 
two might with advantage be simplified to °a and ,a, respectively, for Evolution 
(Radication) and Logarithmation vice 2/a and log,a. 

¢ Of special importance to subsequent developments (in the general mathe- 
matical theory) are the particular cases : 


(ab) x (+d) =(a xc)+(b xd) ; 
(a+b) =(a xc)+(b xe) ; 
(ab) +(c+d) =((a xd) +(b xc))+(b xd); 
a®—¢)—gb—ge; 
qo+e)— /a?, 
(All quite simple, for natural numbers a, b, ... .) 


§ Nothing is more interesting than the relation (especially in Mathematics) of 
proof to discovery. Note, for example, the propositions not true, which are of the 
same general type of those that are true; thus a? + b¢ and (a + b)°a® + b¢. 
|| See § 6, 3, infra. 
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(2) that the standard notation for these numbers—in terms 
of a “radix” number, denoted by “10” (which 
may be any one of them, greater than 1)—is one of 
the great instances of creative scientific discovery : it is 
essentially right *—and, when 10=2, it is absolutely 
basic. 


4,1. Measurement is, primarily, the application of natural 
numbers to the expression of relative magnitude: basically, when 
Length is the type of magnitude in question. { 

4,2. The correlating proposition is the basic proposition on 
geometrical ‘‘ addition ”’, viz. §— 


AB+BC=AC 


—primarily, for three collinear points A, B, C, in that order ; ulti- 
mately, for any three points A, B, C.|| (Whence, using congruence, 
“ addition ” of any two lengths—with commutative property ; and 
the “ subtraction-inverse ’”’.) 

The extended “‘ addition ” 


AB+BC+...4HK+KL=AL 


leads to the corresponding definition of “‘ multiple ’’, in this context, 
viz.— 
n.0OA=0OA+AB+...+L1M+MN=ON, 


where O, A, B,... M, N are collinear points, in that order, and 
0OA=AB=...=MN (in terms of the basic type of congruence). 

Here the “ operator ”’ (the “‘ multiplier ”’) is a number ; the other 
two quantities OA, ON, involved in the ‘“ operation ’’, being lengths 
—essentially quantities of the same kind, but here of a different kind 
from the operator. ** 

The relation (ON =n.0A) between these three quantities is also 
expressed in the equivalent forms 


OA=ON/n and n=ON:0A 


* The discovery of this mode of notation was itself (as is well known) an age-long 
process ; but, once discovered, it was the end of that particular search (see, however, 
the next footnote). Compare the Greek (alphabetical) mode of notation—as quite 
inadequate human invention; and the Roman—sound in principle, so far as it 
goes, but arithmetically inflexible, and ill-adapted to the infinity of the Natural 
Number sequence. 


+ See appended Note, on the Basic Radix. 


{ The case of Angle is closely analogous. Practically all other measurement is 
secondary to these cases—in terms of axiomatic propositions of ‘‘ Proportion ”’. 


_§A different use of the term “ addition”, initially independent of its use in the 
Natural Number system—but correlated with that use, in the general theory of 
“Number ” and “ Ratio ”. 


|| Vide § 6, infra ; in particular, § 6, 2, 2. 
** See § 1, 2, 2, with footnote. 
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—with corresponding terminology, viz. ‘‘ sub-multiple” of ON, 
and “ratio” of ON to OA.* 
4,3, 1. The combination multiple of sub-multiple, viz. 


OT =m.0S where OA=n.0S 


—i.e. OT =m.(OA/n), which also =(m.OA)/n—proves to be the 
crux of the whole investigation. 

4,3, 2. All measurement of length is expressible by this means— 
using natural numbers and a “ unit-length” (viz. any length, 
chosen arbitrarily for ‘“‘ standard of reference” ) and its “ sub- 
units ”’ (i.e. sub-multiples of the “ unit’): crudely, in such elemen- 
tary forms as 4.mile, 5.furlong, 7.chain, 3.pole; scientifically, in 
a “metric system ”’ (i.e. a scientific system of measurement), as, 
e.g., 7.m, 4.dm, 9.cm, 5.mm, ...—where the sequence of sub-units is 
an infinite sequence, “‘ in geometric progression ’’—with the “ radix ” 
number (10) as “common ratio” (of each to the next following). f 





5, 1. But the astonishing fact (had it not become so familiar— 
and so confused) is that there actually exists a second category of 
“numbers ’”’, by means of which any measurement of length is 
expressible in terms of a single “‘ number’ (of this category) and a 
single unit of length (chosen arbitrarily). 

The underlying commonsense fact is, of course, that, for practical 
purposes, all measurement of length as in § 4, 3, 2, supra, is reducible 
to the basic type (as in § 4, 2) by sacrificing arbitrary choice of unit 
and actually choosing a sufficiently small unit. But, theoretically, 
nothing short of the infinite sequence of sub-units may suffice—and 
no “ sufficiently small ” unit be (theoretically) available. 

All this has an interesting and important relation to the ultimate 
theoretical development. 

5, 2. The existence of “‘ numbers ”’ of the “ second category ”’ has, 
in fact, been a matter of discovery, in an age-long historical process. 
But in no other instance of important scientific discovery is it, per- 
haps, so difficult to put oneself in the position of a person—of 
mature age and intelligence—who was (or is) entirely ignorant of 
these “ numbers ” (say, in the form of what are still called “ frac- 
tions ”, in Arithmetic). This affects one’s whole presentation of the 
case. 





*In this scheme of notation—the “ product” .0A being essentially non- 
commutative—only the number (n) is an admissible (consequent) “ divisor”. 
There is no place for such a form as n/Z—if L denotes a length—nor even for 
ON/OA (since, as ON/n=OA implies ON=n.0A, ON/OA=n would imply 
ON =OA.n); hence the logical importance of the special “ratio” form ON : OA. 

The notation is, to some extent, conventional (in-ventional)—but, however 
expressed, the facts are plain; and they hold good for any such case as Y =n.X 
—if X, Y denote quantities of any (the same) kind, other than “ number ”. 


¢ The sequence—“ in harmonic progression ”—of all possible sub-units (say, 
U/2, U/3, ...) is not of practical significance ; but such a sequence of sub-multiples 
is of fundamental theoretical importance in the general theory of “ Number ” and 
“ Ratio”. 
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That it has, in fact, been discovery—of objectively existent (how- 
ever “abstract ’’) reality—not merely human invention—appears 
to be proved conclusively by the investigation of “ Ratio” by the 


‘ 


Greek geometers, ages before its significance as “‘ number” could 
be clearly understood. The treatment of ‘‘ number ”’ (of the “‘ second 
category’) summarised in §6, infra, is—in a sense—a “modern 
equivalent ” of Euclid, Book V. 


6. The discovery, as we now see it, may be stated as follows : 

6, 1. Setting out from two standard points of reference O, A (as 
in § 4, 2 and § 4, 3, 1): 

6, 1, 1. Given two points P,, P,—taken, for this sub-section (and 
in the context of “‘ length ’’) collinear with O and A (and subject to 
certain broad restrictions, about to be stated)—then, in terms of 


vectors OP, we can determine six other points P3, P,,... Ps, of the 
line—by means of forms which are expressible in terms of ‘‘ number- 
operations ”, properly generalised from the Natural Number opera- 
tions Addition, Subtraction, Multiplication, Division, Involution and 
Logarithmation.* 

The restrictions upon the proposition, as so stated, are that— 
while P;, P,, P;, P, can always be so determined—this is not 
necessarily true as to P,, unless P, is in the same direction as A, 
from O; + nor necessarily true of P,, unless both P,, P, are in that 
direction from O. { 

6,1, 2. But these restrictions need no longer be observed if the 
points P,, P, are freed from limitation to the line OA—and are any 
two points coplanar with O and A :§ points P;, P,, ... Ps, of the plane, 
being then always determinate—single points in the cases P3, ... Ps— 
but a definite “‘ pattern” of points, in the case of P, (one, or a finite 
number, or an infinity, of such points—as the case may be)—and a 
definite “‘ pattern ’’, also, in the case of P, (a double infinity of such 
points): these “ patterns’”’ resulting from the periodicity of the 


* The formal reduction of the number of these generalised ‘‘ operations ”, from 
seven to six—by the formal inclusion of “‘ Evolution” in “‘ Involution ”—is one of 
the details highly significant of discovery. 

A simple example of the (very restricted) type of Natural Number case, from 
which these generalisations originate, is (see §4,2):—Given ON,=8.04A, 
ON,=2.0A, then (corresponding to the number-operations a + b, ab, a?, log,a), 
ON,=10.0A, ON,=6.0A, ON,=16.0A, ON,=4.0A, ON,=64.0A, 
ON,=3.0A—where the given numbers 8 and 2 have had to be very specially 
chosen. (If it were important to bring in ./a, as well, we would have to take such 
given numbers as 64 and 2.) 

t There is then a P, on that half-line—and there may be another on the opposite 
half-line (but this latter fact gets into true perspective in the context of § 6, 1, 2). 

{ Again, one point P,, then, on the half-line O-A—. 

§It is, again, highly significant of discovery that the geometrical correlative of 
“number” is precisely ‘“‘ two-dimensional”, in this way: actually ‘“ (n-)dimen- 
sional” at all, and for that particular value of n (neither 1 nor 3, nor any other). 
The facts of Vector Analysis—for a 3-dimensional system of vectors, etc.—only 
add to the interest of the whole process of discovery. 
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inclination, to OA, of OP,, for the case of P;—and of OP, and OP,, 
for the case of Py. 

6, 2, 1. These facts are best—and most naturally (indeed, almost 
inevitably)—expressed in terms of ‘“ numbers ’’, z, of a “ second 
category ”’, such that we may properly write 


2=OP:0A (with OP =z . 04) 


i.e. “ ratio of the vector OP to the vector OA ’’—properly generalised 
from the original n =ON : OA (as in § 4,2): “ number” (z) which 
is thus neither itself vector, nor merely operator, but “ ratio” of 
geometrical vectors (of a plane system), subject to a well-defined 
(“ properly generalised ’’) system of “ operations’’ (‘‘ Addition, 
Subtraction, Multiplication, Division, Involution and Logarithma- 
tion ’’). * 

6, 2,2. It is important to observe that the first two of these 
operations correspond exactly to the Vector Addition and Sub. 


traction of the geometrical vectors OP,, OP,; that the fourth 
(‘‘ Division ’’) is intimately bound up with the definition of “ ratio ” 
of these geometrical vectors ; | that the third (‘‘ Multiplication ”’ ) has 
a corresponding geometrical equivalent (which is not in itself 
important) ; but that the others (“‘ Involution”’ and “ Logarithma- 
tion ’’) have no such geometrical equivalents. 

The only thoroughgoing expression of the system of geometrical 
relations, between the points P,, P., ... Ps, is in terms of “‘ number”. 

6,3. The (“rationalised ’’) process of (re-)discovery of these 
facts is long, and by no means easy. Much (but not all) of its detail 
is familiar. It consists of a succession of stages, at which (1) the 
“ Positive Integral ’’, (2) the ‘‘ Negative Integral ”’, (3) the “ Frac- 
tional”, (4) the “Irrational”, (5) the ‘“ Unreal ”—so-called— 
“numbers ”’, of this category, t are successively arrived at. § 


7. An important final point to be noted is that what is so dis- 
covered is—when once discovered (whether in this way, or otherwise) 
—separable from the particular mode of discovery, as being existent 
in its own right and susceptible of investigation (as in the modern 
treatments) from that point of view. But, that being agreed, it 


* Vide § 1, 2, 1, supra. 

+ The “ ratio ” of any two vectors of the plane-system being, in fact, the “‘ (com- 
plex) number ”, of which the “ modulus ” is the “ positive real number ” which 
is the “ ratio” of their lengths—and the “ Amplitude ”’-angle (used through “ the 
real numbers ” which are (a) its measure and (b) trigonometric functions of it), 
the (corresponding) inclination of their directions. (This, of course, belongs to the 
detailed process to which § 6, 3 has reference.) 

t Vide § 2, with footnotes. 

§ The original intention was to include in the present paper an outline of this 
process; but that has proved impossible, within conceivable limits of such a paper. 
It will have to be done otherwise. The remarkable—characteristic, and quite 
astonishing—simplicities of the process need emphasizing. 
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remains true that the relation between ‘‘ Number ” and ‘“ Ratio ” 
is of the most intimate character, and is of basic importance to both 
Mathematics and Physical Science. 





Note on the Basic Radix. 

Use of two for “ radix ’’ of the Natural Number notation (and, 
thence, more generally, by means of “ the decimal point ’’)—and, 
so, of 0 and 1 as the only “ digit ’’ symbols—proves to be of the 
utmost importance to a “commonsense theory” of Number. 
Elementary arithmetic is, of course, peculiarly simple in terms of it ; 
but (as the natural numbers then read 1, 10, 11, 100, 101, 110, 111, 
1000, ...) it is much too cumbrous for practical purposes. It has 
been pointed out,* however, that the notation based upon this radix 
is interchangeable, “ by inspection”’, with that based on a radix 
which is any “‘ power” of it—and it would, therefore, seem that, 
instead of our actual ten, or our twelve (for ‘‘ duo-decimals ”’), the 
best practical radix (neither too small nor too large) would be eight 
(using the digit-symbols 0, 1, 2, 3, 4, 5, 6, 7). To transform from 
that radix to the basic radix (two), all that is necessary is to replace 
the respective digits 0, 1, 2, ...7—-wherever they occur—by the 
triplets 000, 001, 010, 011, 100, 101, 110, 111 ; and conversely. 

D. K. Picken. 


’ 





Ormond College, 
University of Melbourne, October 1937. 





1188 (continued). 


9? 


“ Txion’s ” statement in Motor Cycle, 2nd September, 1937 : 

“.,. The supposition that it (the piston) does stop is due to an illusion of 
thought. We picture a piston as working to and fro, and its path a straight 
line. Actually, owing to slight clearance in the cylinder, its real path is not 
a straight line but a very acute ellipse. . . . Near the point where it ‘ reverses 
its motion’ and begins to travel ‘down’ instead of ‘ up’ it is still moving, 
and its path is a very tiny are!” 


LETTERS IN LATER ISSUES ARISING FROM THESE STATEMENTS. 
Dorks THE PISTON STOP? 


16th September. A. “ Ixion” states, with the air of a man who knows, 
that a piston NEVER stops at the top of its stroke. Well, I am only fifteen, 
but it is obvious to me that the piston Must stop. 

Your contributor’s statement would be perfectly true, except for one thing— 
that the piston is not a rigid fitting on the connecting rod. Owing to the 
slight clearance on the piston when it is at the top of its stroke it moves 
laterally as regards the cylinder. The path of the piston is, therefore, a micro- 
scopic rectangle with breadth according to the clearance. 

[continued on p. 249. 


* By E. W. Phillips in a paper on “ Binary Calculations”, communicated to the 
Institute of Actuaries on 27th Jan. 1936. (The writer has seen only an “ account ” 
of the paper—in an Insurance journal.) 


Q 








THE MATHEMATICAL GAZETTE 


NOTES ON THE PLACE OF SIMILARITY IN 
SCHOOL GEOMETRY. 


By Sm Percy Nunn. 


A. 
THE principles underlying my proposals with regard to this matter 
were published in an article in the Mathematical Gazette (May 1922). 
They may be briefly restated as follows.* 

The first principle is that school geometry should be organised not 
as a purely logical system but rather on the lines of the natural 
sciences. This means that it should be based explicitly upon the 
pupils’ spatial experiences, which it should seek to extend, to make 
precise, to analyse and to co-ordinate. Under this description one 
includes the important field in which geometrical observations and 
conclusions have practical utility. 

The next point is that among our basal geometrical experiences 
or intuitions two have special interest and practical importance : 
namely, (i) the possibility of repeating, anywhere and as often as we 
please, the construction of a figure having the same angular and 
linear dimensions as a given figure, and (ii) the possibility of con- 
structing, anywhere and as often as we please, figures which have the 
same angular dimensions as a given figure together with linear 
dimensions which bear a constant ratio to those of the given figure. 
These may be referred to as the principles of congruence and simi- 
larity. Expressed in popular language, they assert the possibility 
of constructing anywhere an endless number of figures of the same 
shape and size, and also an endless number of the same shape but 
differing in size or scale. 

The foregoing principles should play an important part in deter- 
mining the course of instruction during the early stages of enquiry 
and exploration. My third principle asserts that the same general 
ideas should determine the mode of treatment when we pass to the 
stage of formal organisation or system. I suggest (i) that the re- 
organisation of the early stages of geometry, which has become 
practically universal since we abandoned Euclid and adopted more 
or less consciously and deliberately the “‘ natural science ” attitude 
towards geometry, makes desirable a reorganisation of the later 
stages in harmony therewith; (ii) that such a reorganisation is 
quite feasible and introduces new theorems of much intrinsic value, 
and (when one gets used to it) is certainly no harder for the pupil 
than the old system. I add what seems to me to be an extremely 
important consideration, namely, (iii) that the sequence I propose 
brings out much more clearly than the traditional sequence what 
one may call the architecture of the Euclidean system. I have dis- 
cussed the teaching of mathematics with many hundreds of young 
graduates in mathematical honours, and have most rarely found 


* A short selection from the theorems given in the second part was included in 
the Second Report on the Teaching of Geometry sent out with the May Gazette. 
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that they had any clear sense of the logical structure of the geometry 
they learnt at school. The reasons are, I think, clear. The principle 
of superposition, which is one of the bases of the old system, is held 
by most modern geometers to be fallacious. But, even if it is not 
fallacious, it conceals, instead of revealing, the truly fundamental 
principles which it assumes. Again, the rather subtle argument 
which brings Euclid’s postulate into the system—in order to prove 
the converse of a theorem about parallelism which itself does not 
need that postulate—is generally beyond the appreciation of pupils 
who first meet with it; they do not understand what an immensely 
significant step has been taken. Moreover, the history of geometry 
shows how difficult it is to see that the two principles upon which the 
whole argument rests, namely, the principle of superposition and the 
principle of parallelism, are independent of one another. For two 
thousand years geometers did not give up the idea that the second 
might prove to be inferable from the first. In contrast with these 
difficulties, I suggest that the principles of congruence and similarity 
(in the forms to be explained later) are perfectly clear and distinct, 
and that it is quite easy to impart an intuitive conviction that the 
second is independent of the first. 


B. 


I shall assume that the teaching of congruence and similarity may 
be divided roughly into three consecutive stages. 

In the first stage the element of deduction is at a minimum, the 
chief purpose being to enlarge and clarify the ideas which the pupil 
has naturally acquired, and to illustrate their interesting practical 
uses. This description applies to the making of models with given 
dimensions, to the use of drawings to scale, to the solving of pro- 
blems such as the position of a hidden treasure, the distance of an 
object the other side of a river, the height of a distant mountain. 
Some of the work may be done before the pupils reach the secondary 
school ; but it would probably be desirable, if not necessary, always 
to include it in the first year’s work. 

In the next stage we commence with more formal analysis of our 
geometrical experience. We get clear ideas as to what we mean by 
congruent and similar figures and study the conditions which deter- 
mine congruence or similarity, especially in triangles. The study of 
the area- and volume-relations of similar figures will be included in 
this stage, though it may have to be empirical rather than logical. 

In giving clear ideas about the nature of congruence and similarity, 
Istrongly recommend beginning with solid figures and with common- 
sense objects such as houses and buildings, hands and feet, engines 
and their models, etc. We point to the existence of figures which are 
geometrically identical, e.g. houses in a continuous row, and figures 
Which are mirror-images of one another, like semi-detached villas or 
one’s hands and one’s feet. Treated in this way, the subject of sym- 
metry has much greater interest and significance for a pupil than 
when the argument is confined to flat figures on a blackboard. The 
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term ‘“ congruent ” is introduced to cover both geometrical identity 
and symmetry: figures are congruent if corresponding angles and 
corresponding linear dimensions are the same. (I say “ linear 
dimensions ” rather than “ sides’ because it seems important to 
bring out that, if A and B are any two points in one figure and A’ and 
B’ the corresponding points in the other figure, the distance AB is 
equal to the distance A’B’, even if the points are not joined by lines 
belonging to the figures.) In the same way, we start our study of 
similarity by considering solid figures, e.g. two models on different 
scales, or an original object and a model of it, and arrive at the 
notion that figures are similar when their corresponding angles are 
equal and their corresponding linear dimensions are in a constant 
ratio. 

The next step brings us into a region where logic plays a more 
definite and important part. I recommend beginning with the 
following example, which foreshadows the treatment of congruent 
and also of similar figures. 

ABCD isarectangle. If we want to copy it, how shall we set about 
doing so? There are here eight magnitudes to be reproduced, two 
pairs of equal sides and the four right angles. We can begin by 
drawing a base ZF equal to AB, and erecting perpendiculars ZH and 
FG equal to the shorter sides of the rectangle. We have now copied 
five out of the eight magnitudes. How are we to get the remaining 
three? The answer obviously is that we cannot get them unless they 
come, so to speak, of themselves when we join HG. If HG when drawn 
is not of the right length, and if the angles at G and H do not tum 
out to be right angles, then it is impossible to copy the rectangle 
ABCD. But we are certain in advance that the rectangle can be 
copied, so it is certain that HG must be of the right length and that 
H and @ must be right angles. Having done our drawings with 
extreme care, we measure GH and the angles to confirm our deduc- 
tions. 

I venture to think that this simple instance is worthy of careful 
consideration. It obviously involves two principles. The first is the 
broad principle which might be called the principle of the uniformity 
of space, which asserts that a figure geometrically identical with a 
given figure (or a mirror-image of it) may be constructed wherever 
and whenever we please. It also involves a technical principle of 
some importance: namely, that if a figure can, according to the 
instructions given, be constructed in only one way, then the result 
must be geometrically the same wherever the construction is carried 
out. A teacher may decide whether the second of those principles 
should or should not be brought out explicitly, but it is in any case 
vita] that the first one should be clearly understood. 

To repeat the argument: if the figure we completed in the only 
way possible is not congruent with the original, then it is not possible 
for a figure congruent with the original to be drawn. But we are 
certain as a matter of experience that it is always possible to pro- 
duce a congruent figure, therefore, etc. 
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Applied a little later to triangles this argument leads to the 
ordinary conditions for congruence. 

Let ABC be a triangle in which the sides and angles have the 
dimensions marked in Fig. 1. How can we make a copy of it? 








A 4-9 5 
Fia. 1. 


There are here six magnitudes to reproduce, and three ways of setting 
about the business suggest themselves. 

First method. We draw a line DE equal to AB, and from D and E 
draw, on the same side of DE, rays DX and EY, making the angles 
at D and £ equal to those at A and B (Fig. 2). These rays can cross 








D 4:9 E 
Fia. 2. 


in only one point, F, making the triangle DEF ; so that if DEF is 
not congruent with ABC, it is not possible to draw:a triangle con- 
gruent with it. But we know that, given ABC, it is always possible 
to draw anywhere a triangle congruent with it ; therefore DF must 
be equal to AC, EF to BC, and the angle at F equal to the angle at 
C. As before, we can verify our conviction by measurement. 

Second method. In the second method we start by drawing DE 
equal to AB, drawing the ray DX making with D an angle equal to 
the angle at A, and taking DF equal to AC. Then, as before, we can 
get only one triangle, namely by joining FE ; so that if that triangle 
is not congruent with ABC it is not possible to copy the triangle 
ABC. But we know that it is possible to copy it. Hence we see 
that FE must be equal to BC and the angles at H and F equal to the 
angles at B and C. 


Third method. The third set of conditions for the congruence of 
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triangles is not on the same logical level as the first and second. 
Besides the congruence or uniformity principle, the first two methods the 


involve only the following very simple and clear axioms : — 
(i) Given a ray OX, it is possible to draw, on either side of it, a gam 


ray OY, but only one, making a given angle with OX. emi 
(ii) On a given ray OX there is only one point A such that OA is at A 
of given length. ee 
(iii) Through two given points there can be drawn only one DE 
straight line. ; 


These fundamental axioms cannot be applied directly to the proc 
third method, in which we attempt to copy the triangle ABC by 
reproducing its sides, leaving the magnitudes of the angles to follow 
from the construction. We must therefore adopt one of two ways 
of dealing with this case, of which the first is easy and is readily 
accepted by pupils though not logically very respectable, while the 
other is logically impeccable but seems to the average pupil unneces- 
sarily subtle. 

According to the first way, we begin by making DE equal to AB 
and drawing from D and E circles whose radii are equal to AC and | 
BC (Fig. 3). It is certain that if the triangle ABC can be copied the | 
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circles must cut, and that F, the apex of the copy, must be ata come 
point of intersection. So far, the argument is perfectly sound, but a tri 
we must now assume (and here the weakness comes in) that the such 
circles cut in only two points, one on each side of DE. Hence it is angl 
possible to construct, on one side of DE, only one triangle having its bear 
sides equal to those of ABC. The argument continues as before. 
The more respectable argument is the one given by Hilbert and 
generally adopted in systematic textbooks. It involves proving (or DF) 
assuming as obvious) that the angles at the base of an isosceles 


triangle are equal. We construct DEF as above, F being a point of De y 
intersection of the circles, but no assumption is made about the eal 
number of the intersections or how many of them lie on the same side 

of DE. We next, by Method No. 1 or Method No. 2, copy DEF (Fig. TI 


4) on the side of AB remote from C. Then AG equals AC and BG choo 
equals BC. Join CG, and it easily follows that the angles at C and level 
Gare equal. Hence ABC is congruent with ABG, that is, with DEF. circl 

The conditions of similarity in triangles are to be treated in much circle 
the same way, care being taken to bring out the parallelism between 
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the three sets of conditions of similarity and the three sets of con- 
ditions of congruence. 

We have a triangle ABC (Fig. 1) and a line DE which is not of the 
same length as AB. The problem is to construct on DE a triangle 
similar to ABC and having, say, the angles at D and E equal to those 
at Aand B. As before, we have six magnitudes to construct, namely 
three angles equal to the angles at A, B and C, and, in addition to 
DE, two sides DF and EF having to AC and BC the same ratio 
as DE has to AB. There are, again, three possible methods of 
procedure. 





LEI 64° B 


4-9 





G 
Fia. 4. 

First method. From D and E draw rays DX and EX, making 
with DE, on the same side of it, angles equal to the angles at A and 
B. If the triangle can be copied these must intersect at a point F. 
The triangle DEF contains by construction three out of the six 
required magnitudes, and if the other three magnitudes have not 
come automatically into being then it is not possible to draw on DE 
a triangle similar to ABC. But we know that it is possible to draw 
such a triangle, hence DEF must be similar to ABC ; that is, the 
angles at F and C must be equal, and the sides DF and HF must 
bear the required ratio to AC and BC. 


Second method. In the second method we take a ray DX, making 
with DE an angle equal to the angle at A, and mark off DF so that 
DF/AC=DE/AB. Then, as before, the triangle can be drawn in 
only one way ; so that if a triangle similar to ABC does not result, 
the problem we set ourselves cannot be carried out. But we know 
that it can be carried out, etc. 


Third method. As in the case of congruence, the teacher must 
choose whether to treat this method on the lower or the higher logical 
level. In either case we start by drawing, with D and EF as centres, 
circles whose radii are r times AC and BC, wherer is DE/AB. These 
circles must cut in at least one point on the selected side of DE, or a 
triangle similar to ABC could not be drawn there. We determine 
such a point F’, and join DF and EF. 
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lst way. The simpler argument assumes that F is the only point 
of intersection on the selected side of DE. It then takes the same 
course as in the first and second methods. 


2nd way. The stricter argument does not assume that F is the 
only point of intersection on the selected side of DE. It proceeds 
as follows : On AB, on the side remote from C, draw by the first or 
second method a triangle AGB similar to DEF. Then AC and AG 
must be equal, and so must BC and BG. Join GC. It follows, as in 
the corresponding congruence theorem, that AGB is equiangular with 
ABC. But since ABG is equiangular with DEF, it follows that the 
angles of DEF are equal to the corresponding angles of ABC. 

In the foregoing discussion nothing has been said about parallel- 
ism. To make my position clear, I will state therefore that no 
attempt is made at this stage to prove the two fundamental theorems 
about parallels. That is, we assume as intuitively obvious, (i) that if 
a transversal to a set of lines makes the corresponding angles equal, 
those lines are parallel ; and (ii) conversely, that if we start with a 
set of parallels and draw a transversal across them, the corresponding 
angles will be equal. These properties are assumed in determining 
the angle sum of a triangle and investigating the properties of 
parallelograms. 

C. 

We now pass to the stage in which the propositions of geometry are 
to be organised into a system possessing more or less logical “ ri- 
gour’”’. The first question to be faced is what form our fundamental 
assumptiogs are to take. In the preceding stage they were assump- 
tions bs any figure, but in that form contain more than is needed 
for a logical scheme ; it will be enough if they are held to apply to 
triangles. Further, it is unnecessary to assume the similarity 
principle in its full breadth even though it be restricted to triangles ; 
for if we have two similar triangles, the equality of the ratios of their 
sides can be shown to follow from the equality of their angles. We take, 
therefore, as our axioms the following more restricted statements: 

I. Let ABC be any triangle and DE any line. Then upon DE, 
on either side of it, it is possible to construct a triangle DEF, 
having the angles at D, HE and F equal respectively to the 
angles at A, B and C. 

II. Given a triangle ABC and a line DE equal to AB, it is possible 
to construct on DE, on either side of it, a triangle DEF 
congruent with ABC. 

Besides the other axioms which were mentioned in Section B, we 
shall, for a strict treatment, need (as indeed most, if not all, deductive 
systems need) an axiom dealing with the intersection of lines. For 
our purposes Pasch’s axiom, though not the most fundamental, is 
the most simple to use. It states that a line drawn through any 
point P on the side AB of a triangle ABC, and in the plane of the 


triangle, must cut one of the other two sides or else pass through the 
point C. 
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We shall also need to be assured that a line drawn through the 
point A of a triangle, and within the angle BAC, will cut the side BC. 
It seems best to deal with this by explaining first what we mean by 
saying that a ray OZ lies between two given rays OX and OY, or that 
the angle XOZ is part of the angle XOY and therefore less than it 
or that the ray OZ lies within the angle XOY. All these three state- 
ments are to be regarded as equivalent by definition, and are to be 
taken as meaning that OZ passes through some point C between the 
points A and B on a line which cuts OX in A and OY;,in B (Fig. 5). 





Fig. 5. 


It follows that if another line cuts OX and OY in A’ and B’, the ray 
OZ will cut this line in a point C’ between A’ and B’. This is proved 
by joining AB’ and applying Pasch’s axiom successively to the two 
triangles thus formed. 

The teacher must judge for himself whether his class can appreci- 
ate the degree of rigour implied by the careful discussion of this 
assumption. We now proceed to the sequence of theorems. 


Theorem I. 


Let ABC and DEF be any two triangles in which two angles of the 
one are equal respectively to two angles of the other. Then the 
third angles must also be equal. For in the triangles ABC, DEF, 
let the angles at A and C be equal to the angles at D and F. By 
Axiom I we can construct on DF’, on the same side of it as E, a tri- 
angle equiangular with ABC, with the angles at D and F equal to 
the angles at A and C. It follows that the sides of this triangle 
must lie along DE and FE and must therefore cut in HZ. Thus DEF 
is identical with the triangle on DF equiangular with ABC. Hence 
the angle at H must be equal to the angle at B. 


Theorems II, III and IV. 
These theorems establish the three sets of conditions for congruent 
triangles. 
Theorem II will run as follows : 
Let ABC and DEF be two triangles in which DE is equal to AB, 
the angle at D equal to the angle at A, and one of the other angles 
in DEF equal to the corresponding angle in ABC ; then the triangles 
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are congruent. By Theorem I the triangles are equiangular, so that 
the angles at A and B are equal to the angles at D and E. By 
Axiom II it is possible to construct on DE, on the same side of it as 
F,a triangle congruent with ABC having the angles at D and EF equal 
to the angles at A and B. It follows that the sides drawn from D and 
E will fall along DF and EF and must therefore cut at F. Hence the 
triangle DEF is identical with a triangle congruent with ABC and is 
itself therefore also congruent with ABC. 

Theorem III assumes equality of two sides and the included 
angle. The proof follows the same lines as in Theorem II. 

In Theorem IV the three sides of one triangle are respectively 
equal to three sides of the other triangle. The proof must now follow 
the more rigorous of the two proofs indicated in Section B. This 
implies that between Theorem III and IV the theorem of the 
isosceles triangle must be proved. 

The next set of theorems develops the theory of parallel lines and 
transversals. 

Theorem V. 


Let a transversal ABC (Fig. 6) fall across two lines BL and CM in 
such a way as to make the corresponding angles at B and C equal. 
Then BL and CM cannot meet. Suppose them to meet in a point NV. 





Fig. 6. 


Let A be any point on the transversal such that B is between A and 
C. Join AN. Then in the triangles ABN and ACN, the angle at A 
is common and the angle at B is equal to the angle at C. Hence, 
by Theorem I, the angle ANB is equal to the angle ANC which is 
impossible. Hence the lines cannot meet. 

Lines which lie in the same plane and do not meet are said to be 
parallel. 

It is easy to show that equality of the corresponding angles made 
by a transversal cutting a pair of lines implies equality of the alter- 
nate angles, and conversely, etc. 


Theorem VI. 

If a transversal to a pair of lines makes the corresponding angles 
equal, then any other transversal to the same two lines also makes the 
corresponding angles equal. This important theorem has three cases. 
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Case 1. 


Let BD and CE be the lines (Fig. 7). Let the transversal ABC 
make the corresponding angles at B and C equal, and let the second 


Xx 
A 


1 








Fia. 7. 


transversal, ADE, cut the former in some point A which is not 
situated on either of the lines BD and CEH. Then in the triangles 
ABD, ACE, the angle A is common and the angle at B equals the 
angle at C. It follows from Theorem I that the corresponding angles 
at D and £ are equal. 


Case 2. 


Let the second transversal BH cut the first transversal ABC on 
one of the two lines BD or CE, say on the former in the point B (Fig. 
8). On the first transversal take A so that B lies between C and A, 


\L| 




































244 THE MATHEMATICAL GAZETTE 


and on the second transversal take F so that EZ lies between B and F. tria 
Join AF. ee 

AF will cut BD and CE in two points Dand G. To show this, it 
may be judged sufficient to point out that, by hypothesis, A and F 
are on opposite sides of both the lines BD and CH. A rigorous proof, 
if desired, is furnished by means of Pasch’s axiom. ABF isa triangle 
and £ a point on the side BF. Hence CE cuts either AF or ABor } 
else passes through A. But it cannot cut AB because it has already 
done so, and for the same reason cannot pass throngh A ; hence it 
must cut AF at some point G. Again, ACG is a triangle and Ba 
point on the side AC. Hence the line BD cuts either AG or CG or 
else passes through G. It cannot cut CG or pass through G because 
the corresponding angles at B and C are equal. Hence it cuts AG 
at D. 

Now, by Case 1, since the corresponding angles at B and C are 
equal, the corresponding angles at D and G must also be equal. 
Again, by Case 1, since the corresponding angles at D and C are ( 
equal, the corresponding angles at B and H must also be equal. 








an 
Case 3. is 
The two transversals ABC and DEF are themselves parallel. In an} 

this case join BF (Fig. 9). Then, by Case 2, since the corresponding ‘ 
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angles made by ABC are equal, the corresponding angles made by 

BF are equal ; and since the corresponding angles made by BF are = 
equal, the corresponding angles made by DEF are equal. - 
U 
Theorem VII. = 
Let ABC be any triangle ; then the sum of its angles is two right I 
angles. at | 
At A draw a ray AX, making the angle XAB equal to the angle Ai 
ABC, and produce XA beyond A to Y (Fig. 10). Then, by Theorem equ 
VI, since the alternate angles X AB and ABC are equal, the alternate Aa 


angles YAC and ACB are also equal. Hence the three angles of the 
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triangle are equal to the sum of the three angles at A ; 1.e. are equal 
to two right angles. 








Fia. 10. 


Theorem VIII. 


Conversely, it is always possible to construct a triangle whose 
angles are equal to three given angles, provided that the sum of these 
is two right angles. 

Let the sum of the angles P, Q and R be two right angles. From 
any point O draw two rays, OX and OY, making the angle XOY 
equal to the angle P (Fig. 11). On OX take any point A and on OY 





Fia. 11. 


any point B, and join AB. Then the angles at A and B are 
together equal to the sum of Q and R. Hence if the angle at A is 
equal to one of the two angles Q or R, the angle at B must be equal 
to the other of these angles, and the triangle required has been 
constructed. 

If not, then one of the two angles at A and B must be greater than 
at least one of the two angles Q and R. Suppose that the angle at 
A is greater than angle Q. From A draw AC, making the angle OAC 
equal to Y. Then AC must cut the ray OY in some point C between 
Aand B. Also, since the angles at O and A are equal to the angles P 
and Q, the remaining angle at C must be equal to the angle R. 
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From this theorem Euclid’s famous parallel postulate follows as 
a corollary, but in view of its importance it is best treated as a 
separate theorem. 
Theorem IX. 


From the ends A and B of a straight line, and on the same side of 
it, let two rays AX and BY be drawn so as to make the angles XAB 
and YBA together less than two right angles. Then the rays AX 
and BY must meet. For let C be the difference between two right 
angles and the sum of the angles A and B. Then, by Theorem VIII, 
it is possible to draw a triangle whose angles are respectively A, B 
and C. Also, by Axiom I, it is possible to draw on AB, on the same 
side of it as the rays, a triangle equiangular with this. In one of its 
possible positions the sides of that triangle drawn from A and B 
would fall along AX and BY. Hence AX and BY must intersect 
in the apex of the triangle. 


Theorem X. 

Let BL and CM be two parallel lines and ABC a transversal 
cutting them respectively in the points B and C. Then the corre- 
sponding angles at B and C shall be equal. For, if they are not equal, 
let ABL be greater than BCM. To both add the angle LBC. Then, 
since the sum of ABL and LBC is two right angles, the sum of LBC 








Fie. 12. 


and BCM must be less than two right angles. Hence, by Theorem 
IX, BL and CM must meet towards L and M. But they cannot 
meet, being parallel. Similarly, if ABL is less than BCM the lines 
must meet in the opposite direction, which is again impossible. 
Hence the corresponding angles at B and C must be equal. 


Theorem XI. 


As the last theorem of this series, one may prove the parallel axiom 
in the form associated with the name of Playfair. 

Let L be any line and P any point outside it. Then through P can 
be drawn one line, and one line only, parallel to the line L (Fig. 13). 
On L take any point A. Join PA, and through P draw a line MP, 
making the alternate angles at P and A equal. Then by Theorem V 
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the lines Z and M are parallel. If possible, draw through P another 
line N also parallel to L. Then by Theorem X the angle NPA is 
equal to the alternate angle at A and therefore equal to the angle 
MPA, which is impossible. Hence no line through P can be drawn 
parallel to L except the line M. 
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The properties of parallelograms follow easily from the properties 
of congruent triangles and parallel lines. 
We now pass to the conditions of similarity in triangles. 


Theorem XII. 


In two triangles ABC and DEF, if the three angles at D, EH and F 
are equal respectively to the angles at A, B and C, then the sides 
opposite the angles D, E and F bear respectively the same ratio to 
the sides opposite the angles A, B and C ; that is, the triangles are 
similar. 

Acting upon the assumption* that lengths may be treated as if 
they were commensurable, we divide 4B and DE into a number 
of equal small segments, A 1, 1 2, 2 3, etc., in the one triangle ; 
D1, 12, 23, ete., in the other triangle. Let there be m of these 
segments in the line AB, and n in the line DE. Through the points 
of division in each triangle we draw lines parallel to BC in one case, 
EF in the other. We then prove by the congruence of triangles and 
the properties of parallelograms that the sides AC and DF are 
divided into segments all of the same length. Since of these there 
are m in AC and n in DF, the ratio of DF to AC is the same as the 
ratio of DE to AB, namely n/m. This result can be extended in the 
same way to the ratio of EF to BC. 


Theorems XIII, XIV, XV. 
These establish the conditions of similarity in triangles. As before, 
the proofs follow the same general lines as the corresponding proofs 
in Stage B, but make use of Theorem XII. 


Theorem XIII. 
In the triangles ABC, DEF, let any two angles of the one, say the 


* The assumption is made here partly because it is usual in school work and 
partly for the sake of brevity. If commensurability is not assumed, the proof 
becomes more complicated but follows the same lines. We need, however, a more 
sophisticated definition of equality in ratios. 
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angles at A and B, be equal respectively to two angles of the other, 
say the angles at D and FE. Then the triangles are similar. 

By Theorem I the third angle of ABC is equal to the third angle 
of DEF, i.e. the triangles are equiangular. Then by Theorem XII 
the triangles are also similar. 


Theorem XIV. 

In the triangles A BC, DEF, let the angle at D be equal to the angle 
at A, and let the ratios DE/AB and DF/AC also be equal. Then the 
triangles are similar. 

By Axiom I it is possible to construct on DE on the same side of 
it as F, a triangle equiangular with ABC having the angles at D and 
E equal to the angles at A and B. By Theorem XII this triangle 
will be similar to ABC. The side drawn from D must lie along DF 
and its end must coincide with F, because the side bears to AC the 
same ratio as DE bears to AB, and this is the same as the ratio of 
DF to AC. Hence the triangle must be coincident with the triangle 
DEF. In other words, DEF is similar to ABC. 


Theorem XV. 

This theorem deals on similar lines with the case in which the 
three sides of the triangle DEF have respectively the same ratio to 
the sides of ABC; that is to say, the argument is the stricter 
argument of Section B suitably modified. 


D. 

In order not to interrupt the logical argument I have postponed 
to the end the interesting question how one can demonstrate the 
independence of the two main axioms. 

Take a globe, either one with a blackboard surface or an ordinary 
astronomer’s or geographer’s globe, preferably an astronomer’s, 
with the ecliptic marked on it. If it is a globe with a blackboard 
surface, mark in chalk the equator and some other great circle 
crossing the equator at a moderate angle and meeting it again on 
the other side of the globe. 

In the first place, it is clear that the surface of the globe admits of 
congruent triangles or, indeed, of any congruent figures. This is true 
because of the uniformity of its curvature. On the other hand, it is 
easy to see also that it does not admit of triangles which are equi- 
angular but not congruent. Let a number of meridians be drawn 
from the north pole to the equator, cutting the great circle spoken of 
above. Any one of them cuts the equator at right angles, and, 
together with the arcs of the equator and of the other great circle 
from the first point where these intersect, makes a right-angled 
spherical triangle. Two of these angles, 7.e. the right angle and the 
angle of intersection of the two great circles, are constant ; but as 
the eye passes from one meridian quadrant to another it is intuitively 
obvious that the third angle changes. It reaches 90° where the 
meridian bisects the inclined great circle and goes on increasing as 
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the intersection with that circle travels towards the antipodes of the 
first intersection with the equator. 

It is true that the figures we have drawn on the sphere are not 
identical with triangles in a Euclidean plane, but that is not the 
point. The point is that a surface which is uniform* and so admits 
of congruent figures may nevertheless not admit of equiangular tri- 
angles which are not congruent. Hence it follows that the property 
of admitting equiangular figures differing in scale cannot be inferred 
logically from the property of admitting congruent figures. The 
secular efforts made to prove the parallel postulate were always 
motived by the belief or hope that parallelism, and therefore simi- 
larity, would turn out to be a logical consequence of the congruence 
properties of figures. The argument given is intended to show 
that it is not so. T. P. Nunn. 








1188 (continued). 

16th September. B. “Ixion” seems determined to start a debate on 
“Does a piston stop at T.D.c.?”’ Before the motor-cycle world flings itself into 
the controversy, may I point it out as a fact that is apparently little known— 
at any rate to the brightest brains of the ‘‘ Autocar” correspondents. It is this: 

Owing to the inertia of the piston, which on its up-stroke is pressed against 
the front wall (normally) of the cylinder, it hangs on this wall for the first 
part of the down-stroke. It is not until the crank has moved some 12 degrees 
past T.D.C. (more if the piston is heavy or the c.R. low) that sufficient angularity 
of the connecting rod occurs to enable the pressure on the crown to force the 
piston over to the opposite side of the cylinder. It is evident, therefore, that 
the piston DOES come to rest at the top of its stroke. 

7th October. C. “ Ixion”’, usually so discreet, allows himself to become 
involved in this age-old controversy without his usual thought, and even joins 
company in the practical aspect or side-issue of cylinder clearances, which are 
quite inadmissible where a case of pure theory is concerned. 

All have missed the logic that if a moving piston does not stop it must, 
therefore, keep on keeping on in the same direction—but what has the con-rod 
to say to this? 

A mathematician would formulate that both points of view are wrong and 
that a piston neither stops nor keeps moving, since at the exact T.D.c. time 
and movement become reduced to zero or precisely nothing, just as in Euclid 
a line has length but no breadth, and a point has position but no magnitude, 

Until parties to the controversy can bring themselves-to think logically 
that one cannot in reason base an argument on what happens to a mechanism 
during a non-existent period of time at a point which has no magnitude, so 
long will people chatter and pens scratch till the cows come home. 

7th October. D. It is rather strange, but those people who say that the 
piston does stop at the top of its stroke, and those who emphatically deny it, 
are probably both right. The piston Must stop in its upward movement, be- 
cause no matter how you argue it, an object, be it piston or otherwise, must stop 
while it changes its direction. But there is no reason why it should stop moving 
laterally, because of the clearance between the piston and the cylinder walls. 

... And so, may I sympathise with both parties? The piston must have a 
peak, but need it be exempt from all movement? [continued on p. 254. 


* I.e. has uniform Gaussian curvature, positive, negative or zero. 
R 














THE MATHEMATICAL GAZETTE 


“THAT DULL SUBJECT, MATHEMATICS ”. 
By S. F. Trustram. 


RECENTLY, in the course of conversation with a friend, I was asked 
in what ways was it possible to liven up the mathematical teaching 
of a school. I made a few vague suggestions at the time, but it oc- 
curred to me later that I might consider the question, and then apply 
the results of my deliberations not only to my own work, but to put 
them down on paper in case others might believe them worth while. 

In the first place, I think that little can be done directly by the 
head of a school to make the mathematical teaching of his school 
more vital. A contagious enthusiasm for the teaching of the subject 
would be valuable, but alas (or is it fortunately ?), how few of a head’s 
enthusiasms are catching! Additions and deletions may make for a 
certain amount of increased interest in a syllabus, but in spite of all 
that can be done, mathematics remains a dull subject. I would repeat, 
even in this temple of the high priest, the Mathematical Gazette, that 
for the normal school child, mathematics, per se, is a dull subject. 
I admit that it is not so dreary as School Certificate English Literature, 
or a School Certificate Modern or Ancient Language, but it is deadly 
compared with a subject such as Biology. In spite of this there are 
numerous classes throughout the country that look forward with 
eagerness to mathematics lessons, and these are not necessarily com- 
posed of brilliant pupils who are good at the subject. The secret lies 
in the teacher. The good teacher can superimpose interest on his 
subject, for it is that that makes him a good teacher, and not his 
knowledge of the subject. And the converse is true. When I took up 
my first post I was told by the head that I should be responsible for 
the mathematics of the Lower VI with the exception of the coor- 
dinate geometry, which he proposed to take himself. Did I mind? 
* No, not at all,” I replied, “ I’ve never liked coordinate, my head 
took me.” Since then, of course, I have become a wiser man, and 
through teaching the subject I have come to appreciate the elaborate 
systematisation of coordinate geometry which so completely satisfies 
the headmaster-mind. There are, of course, ways in which a child is 
satisfied by his mathematics. The better pupil is regularly thrilled 
by the feeling of triumph he receives in completing a rider on his own, 
and the duller boy is pleased with the neat and systematic writing 
out of a proof. Although a tricky factorisation in algebra or the re- 
duction of a huge accumulated fraction in a problem in arithmetic to 
a simple figure gives great satisfaction to the triumphant worker, 
these obvious appreciations are often too seldom obtained. I there- 
fore propose to enumerate some methods I use, and some that I 
hope to use in the future in order to add interest to mathematics 
lessons. Many of these are not my own ideas, but as all are not likely 
to be in the repertoire of all mathematics teachers, I give them with- 
out making any claim to originality. 
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ARITHMETIC. 

Arithmetic probably offers the most scope for interesting work. 
In connection with stocks and shares I have two ideas, one which I 
operate, and another which I hope to introduce. I have bought 
small quantities of local (Birmingham) 3% stock, and of 10s. shares 
in a local engineering company. Classes are thus able to handle the 
scripts and receipts, and to appreciate the way in which the stocks 
and shares were bought at market prices, from a stockbroker, 
through my bank. The practical details of stamp duty and commis- 
sion are thus made clear. Obviously dozens of exercises can be made 
up from these stocks and shares, and they will be of greater interest 
to the class because they are of actual financial transactions that 
concern the pocket of someone they know. The other scheme is 
somewhat more ambitious. In collaboration with a colleague 
who runs the school Stamp Club, I propose to float a company 
to buy out the Club. We intend then, to issue two pounds 
worth of 6d. shares, and then the dealings of the Club (buying, 
and selling stamps to members) will be manipulated to cause 
a profit (we hope). The existence of these shares among mem- 
bers of the school, with the prospects of dividends declared terminally 
should be of interest to the school. I must say here that my social 
ideals are somewhat at variance with my professional methods. 
Shall I be assisting with the raising of a race of share-pushers or 
stock-exchange maniacs? A colleague, teaching economics, and 
working in a much more lordly way, gives each member of his class 
£10,000 and instructs them to make their fortunes during the year. 

Boys are very interested in small stocks of foreign coins that I 
keep in school. A five-mark piece, accidentally carried from 
Germany recently, opens many prospects of problems, and leads to 
discussions outside the classroom on controlled currencies and dic- 
tatorships generally. Items of interest and practical importance 
that can be discussed in arithmetic lessons are Income-Tax, Insur- 
ance, Income and Expenditure Accounts. Some years ago I wrote 
to my Tax Inspector that I wished to teach Income-Tax to my 
classes, and that I would be glad if he would send me thirty sets of 
forms. Somewhat to my surprise I received them, but on sending 
in my personal return a fortnight later, I received it back with a 
caustic comment that I had made eleven errors. Insurance naturally 
leads to Leopold Harris—a person of great interest to any adolescent. 


ALGEBRA. 

A typical Form IV always asks sometime “ What’s the use of 
Algebra?’ The answer comes immediately. I bring out a copy of 
Wireless World with a page full of formulae and manipulation. There 
is no need for speech. The more intelligent members of a form often 
wonder why so much drill is done in simple processes, dozens of 
manipulations, of factors, of fractions. An explanation is due to 
them and it is easy. A large amount of time is spent in drill because 
it is necessary to be able to do these simple things without thinking. 











252 THE MATHEMATICAL GAZETTE 


> 


They must be as mechanical as the reaction “twelve” is to “ four 
threes’’. These things must become habits, and I usually instance 
our habit of dressing. I point out that putting on a pair of trousers 
is a complicated process, and that unless we could do this mechani- 
cally we should appreciably tire our brains by the effort of 
constructive thought that would be necessary to coordinate all our 
movements in this activity. This gives reason to our drill in simple 
processes. 

In general, graphs of road accidents, tuck-shop receipts, local gas 
consumption showing washday, Sunday dinners, and late Saturday 
nights, local train services, are of greater interest than those of 
imports and exports, rainfall and temperature, when the elementary 
ideas of graphs are being introduced. A device that I occasionally 
use in revision is to put the same example upon the blackboard twice 
and for two evenly-matched members of the class to have a race to 
solve it. Every member of the class would, if allowed, shout his 
advice to the combatants. The class works excitedly. What more 
can the teacher desire ? 

GEOMETRY. 

With all due respect to my betters, I must disagree with much of 
the contention that only about twelve theorems should be studied 
in any detail. It appears to me that it is merely begging the question 
to state that more attention should be paid to riders and less to 
theorems, and then to call the theorems riders, and proceed to study 
the riders. The really dull boy is never able to complete riders at all 
satisfactorily, while he is able to obtain satisfaction from the reason- 
ing that is pointed out to him in a formal proof. Some theorems are 
worth while in their intrinsic interest. Others that are obvious can 
be referred to as “‘ milestones’ marking progress in the subject. 
The first type can be demonstrated baldly on the blackboard. One 
just starts with ‘‘ Watch this ’’, puts up the data, omits the “ prove ” 
and proceeds to fill in the proof, returning to complete the “ prove ”. 
The theorem concerning the angles subtended by an arc at the centre, 
and at a point on the circumference of a circle can be treated thus, 
and is usually received with surprise. An involuntary “Coo, 
fancy ’” from a member of the class is a most gratifying comment. 
The proof is then discussed fully, and after this the process of 
learning is started. The diagram is rubbed out, and a fresh one with 
different letters is written up. The class writes out its new proofs on 
scrap paper. Another diagram, upside down, and with another set 
of letters is put up, and the class told with a leer that this has beaten 
them. They then proceed to prove that this is not so. In this way 
the “learning” of theorems, which is, in these exam.-ridden days, 
essential, is completed with moderate enjoyment by the class. 
I believe that a little of the psychology of learning should be 
known by the class. How a theorem, or indeed any fact, while it 
takes half an hour to learn the first time and is forgotten in twenty- 
four hours, it only takes a quarter of an hour the next time it is 
learnt and it lasts a week, and for the third time, it is relearnt in five 
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minutes to last a month. A brief discussion of such a topic prevents 
the learning of theorems from appearing senseless. 

A certain amount of systematisation of theorems is useful, and a 
class is interested in working out a genealogical tree for a set of 
theorems. I give as example the set concerning angles and circles. 








TRIGONOMETRY. 


I believe that Trigonometry is the most interesting section of 
elementary mathematics, but that it is difficult to prevent it from 
becoming the dullest in the classroom. I have made one major 
effort to retrieve the subject from the morass into which I 
often seem to plunge it, by working out a ten-week course of field 
work, from the solution of right-angled triangle problems using 
simple clinometers, to simple surveying by triangulation using plane 
tables. A dull and rowdy VB to whom I first gave this work found it of 
interest and produced surprisingly good results, and since then other 
forms have responded surprisingly well to the work of such a course. 

After starting to write these notes I realised that if this subject 
were to be developed fully by a teacher of long experience that the 
result would be a monumental work of the character of Westaway’s 
Craftsmanship in the Teaching of Mathematics, and as such would be 
beyond my capacity and out of the scope of this journal. The bur- 
den of my remarks is this. If we wish to liven our teaching of 
mathematics we must first invigorate ourselves, and this may often 
best be done by being personal. We should seek for ideas that affect 
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personally, not only our pupils, but ourselves as well. A few ideas on 
these lines are given above, and if some of them prove of value to 
some of the readers of this note, my original conversation with my 
friend will not have been without fruit. Srpney F. Trustram, 


Holly Lodge High School for Boys, Smethwick. 











1188 (continued). 

14th October. E. Before the controversy re “‘ Does the piston stop?” 
becomes too heated, let the “ non-stop ” school of thought say exactly what 
the piston does at T.p.c. Clearly it rises on the compression stroke and 
descends on the power stroke. Therefore, unless it stops, the only choice for 
the “non-stop” school is that for some minute fraction of time the piston 
must be moving both up and down. 

What escapes the attention of so many people is that at T.p.c. the crankpin 
is moving momentarily at right angles to the axis of the cylinder. This being 
so, if at that moment the piston were either rising or falling it could only do 
so by stretching or compressing the con-rod. 

21st October. F. [C.] fairly sums up the question of the piston stopping 
when he says that “‘ one cannot in reason base an argument on what happens 
to a mechanism during a non-existent period of time, at a point which has no 
magnitude”, but surely this devolves itself into a simple mathematical 
formula, namely, the piston DoEs stop for No time. In other words, a positive 
times a negative gives a negative result, therefore the piston DOES NOT stop. . . . 

21st October. G. I agree with [C.] when he says that it is a matter of logic, 
but he himself is somewhat illogical when he says that if an object does not 
stop it must keep on in the same direction. He has missed the logic that a 
point on the rim of a flywheel travels north, west, south, east in rapid succes- 
sion, but never stops. 

The piston is literally attached to such a point, and could not stop if it 
wanted to, although its direction of movement is theoretically confined to 
north-south and south-north alternately. 

Now will someone please tell me what happens to the CENTRE of the crank- 
shaft? Does it rotate, or does it stand still? Anything can rotate about a 
centre, but the true centre is a “ point without magnitude ” and cannot have a 
centre or an axis,so howcan it rotate? On the other hand, how can it stand still? 

28th October. H. [E.] states that at T.p.c. the crankpin is moving momen- 
tarily at right angles to the axis of the cylinder. Now as the crankpin describes 
a circular path (assuming a perfect machine), from only one point in the upper 
part of the circle can a tangent be drawn which is at right angles to the cylinder 
axis. A tangent touches a circle at one point only, and for the space of that 
point only can a crankpin move at right angles to the cylinder axis (the word 
“space ” is inserted for description only, since a “ point has neither length 
nor breadth’). A little consideration will show that a moving object cannot 
remain in a position which has neither length nor breadth for a period of time, 
however short. 

The point forgotten in this controversy is that after half-stroke the piston 
decelerates until the last few fractions of a degree before T.D.c. produce a 
movement which could hardly be measured. 

Definitely the piston does not stop—the word “ stop ”’ implies to “‘ dwell ” 
in that position. I would say that the upward motion is arrested and the 
downward one begun. If someone would kindly define the word “ stop” as 
used in this connection, possibly the difficulty could be cleared up for all time. 
[Per Miss D. E. Smith.] 
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HISTORICAL NOTE ON HEAVISIDE’S OPERATIONAL 
METHOD. 


By N. W. McLacuuan. 


OPERATIONAL methods in pure mathematics, e.g. the work of Boole, 
Graves and Murphy, existed many years before Oliver Heaviside 
introduced new ideas into mathematical physics. His first paper 
using such ideas was published in the Proceedings of the Royal Society 
in 1893.* Remarks therein indicate his unfamiliarity with some of 
the literature of the subject, owing to lack of reference facilities, 
for example, Liouville’s work on fractional differentiation. Heavi- 
side’s main contributions to operational method seem to be: (a) the 
substitution p’=(d/dt)”; (b) expansion in inverse powers of p and 
“algebrisation ’ using the formula p-’=?#/I'(1+v); (c) incorpor- 
ation of the initial conditions prior to solution ; (d) the expansion 
theorem ; and (e) expansion in ascending fractional powers of p to 
obtain an asymptotic formula. His main purpose was to solve 
transient problems in cable telegraphy and telephony, so he did not 
justify the analytical processes used. His method always yielded (in 
his hands!) the correct result, and he argued that this was in itself 
ample justification for the operational method. He wrote “ The 
best proof is to go and do it”.+ Moreover, contemporary pure 
mathematicians looked upon his work with scepticism until such 
time as it was put on asound foundation by Bromwich ¢ and Wagner § 
working independently. The boycotting of his work elicited some 
apposite remarks from Heaviside, as, for example: ‘“‘ Even Cam- 
bridge mathematicians deserve justice. . . . As regards their want of 
sympathy with less conventional men, it is not sympathy that is 
particularly wanted. .. . What one has a right to expect, however, 
is a fair field, and that the want of sympathy should be kept in a 
neutral state, so as not to lead to unnecessary obstruction.” 

“ Orthodox mathematicians, when they cannot find the solution 
of a problem in a plain algebraical form, are apt to take refuge in 
a definite integral, and call it a solution. . . . But it may be just as 
hard, or harder, to interpret than the differential equation of the 
problem in question.”’ || 

This psycho-polemical phase of the subject has passed away (we 
hope!), and Heaviside’s operational calculus is now adopted (some- 
times with considerable modification as will be shown later) as a 
standard technique in the solution of certain classes of problems, 
frequently those involving transient effects and wave motion. In 
the memorable paper where Bromwich ** established the validity of 


* Proc. Roy. Soc. A. 52, 504 (1893). 

t E. M. Theory, vol. 2, 34 (1922). t Proc. L.M.S. (2), 15, 412 (1916). 

§ Archiv fiir Elektrotechnik 4, Band 5, 159 (1916). 

|| Z.M.T. vol. 2, pp. 10, 11 (1922 edition). We disagree with Heaviside: see 
for example Math. Gaz. 22, 37, 1938, where a compact solution of a cable problem 
includes a definite integral which can be interpreted physically. 
** loc. cit. 











256 THE MATHEMATICAL GAZETTE 


Heaviside’s expansion theorem, he writes, ‘‘ The investigations lead- 
ing up to the formula (the expansion theorem) * are most instructive 
and will repay careful study: but I am not sure that they have 
been sufficiently appreciated in the past. It is almost certain that 
few readers have fully grasped the complete and general character 
of the solution : and it is for this reason that I wish to call attention 
to it here.” 

Some forty years after publication of the expansion theorem, one 
of the leading authorities of the Cambridge school of mathematicians 
wrote : “‘ We should now place the operational calculus with Poin- 
caré’s discovery of automorphic functions and Ricci’s discovery of 
the tensor calculus, as the three most important mathematical 
advances of the last quarter of the nineteenth century. Applications, 
extensions, and justifications of it constitute a considerable part of 
the mathematical activity of to-day.” + 

Bromwich ¢ established the validity of Heaviside’s method of 
operators—at least in so far as it involved the evaluation of residues 
at poles—by complex integration. Amongst other things, he pointed 
out that when f(t) is zero outside the range 0 <<t <r, if 


é(p) -[ Ce TT ae (1) 
then f(t) 55 = PEI, cnseececrmionl (2) 


where £(p) is to be regarded as a convenient transform for f(t). 
Suppose we solve the equation 


d*y dy , 

de to ay toy =fo sin ft, ccccccccccccccccccccccces (3) 
subject to the conditions y’=y=0 at t=0, by the Bromwich 
method. Then we assume that § 


1 c-+i00 
v-5-;| e?! x(p) dp, 


rt J c—ic 


which on substitution in the left-hand side of (3) yields 


1 fetio 
si ePt y(p){p? +aptO}dp. .....cecceccsceees (4) 


c—io 


. 


Since sin ¢ continues indefinitely, t= in (1), so 


&(p) =foe-™ in ¢dt =f,/(p° +1), ......ccccccoees (5) 


* Electrical Papers, vol. 2, p. 259. 

t+ E. T. Whittaker, “‘ Oliver Heaviside”, Bull. Math. Soc. Calcutta, 20, 199 
(1928-29). 

t loc. cit. 

§ All the singularities of the integrand lie to the left of the contour. If they 
are all poles, c + 10 may be replaced by a circle enclosing them. 
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and by (2) 
Ie sint = Je. [* CM dp[(pP +1). ....sccccrresrreresees (6) 
Hence by (4) and (6) a 
P) =fq/(p? + ap +b) (p2 +1), ......cccccccccceccccees (7) 
%0 y -[ et dp|(p? +ap +b)(p? +1), «...--(8) 


which is evaluated in the usual way by the calculus of residues. 

The origin of formulae (1) and (2) is sometimes misquoted by 
writers on the subject of operators, so we give Bromwich’s remarks * 
thereon verbatim: ‘‘ The formulae may be deduced, as a matter of 
simple transformation, from the ordinary form of Fourier’s theorem. 
Formulae substantially equivalent were obtained in this way by 
Riemann in his paper on the distribution of primes (Ges. Werke, 
p. 140) ; and the actual formulae were deduced similarly by Mac- 
donald (Proc. L.M.S. 35, 428; 1902). From the point of view of the 
theory of functions of a complex variable, more complete discussions 
have been given by Pincherle and Mellin ; see for instance a paper 
by the latter in Math. Annalen, Band 68, p. 305, where references 
to earlier investigations will be found.” 

Heaviside did not seem to be favourably impressed by the method 
of contour integration, as will be realised on reading the following 
excerpt from a letter t he wrote to Bromwich on 7th April, 1919, 
from Torquay, where he lived till his demise in 1925: 


“DEAR DR. BROMWICH, 


Yours 5:4:19, Caesar and Pompey: especially Pompey. 
. What a time it takes! I rejoice to know that you have seen 
the simplicity and advantages of my way. Only a war could have 
done it. Did you see in the paper that I was the cause of the war, 
and that I brought it on to wake up England and especially Cam- 
bridge? Now let the wooden headed rigorists go hang, and stick 
to differential operators and leave out the rigorous footnotes. It is 
easy enough if you don’t stop to worry. As I said and Lord R.{ 
repeated, logic is the very last thing. I never could stomach your 
os integral method, though I understand your affection for 
it... . don’t care much about the expansion theorem myself now, 
it is so tame... .” 
After this brief résumé of Bromwich’s work, we turn to Wagner, § 
who published a paper almost contemporaneous with that of the 
former writer. He commenced with the integral 


fo Ip | -{” t<0 
f= fo fre Oe Vint OS (9) 


* loc. cit. p. 412. 

t The original was given to A. T. Starr when at Cambridge under Bromwich. 
The author is indebted to the former for a lantern slide of the original script. 
¢ Presumably the late Lord Rayleigh. § loc. cit. 
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taking the imaginary axis indented on the right at the origin as 
contour. Integral (9) was used to define Heaviside’s unit function. 
Wagner went on to state that Heaviside’s first expansion theorem 
was equivalent to evaluation of an integral of the form 


s em (p) P ¢ snnpneneiinesennqnnntieninl (10) 


by finding the residues at the poles of the integrand. No formal 
proof was given, however, but a number of examples from engineer- 
ing practice were treated in a way comparable with that of Bromwich. 

The subject of branch points was not mentioned in either of these 
papers. In fact it was not until some years later that the topics of 
branch points, equivalent contours (e.g. —«, (0+), —o) and the 
asymptotic expansions used by Heaviside were considered with 
respect to the complex variable. 

The contour used by Bromwich, namely, c-iw to c+io is 
more general than that of Wagner, and it is now employed for the 
interpretation of an operational expression ¢(p), as in the following 
integral : 




































1 erie 
M=s7) 


all singularities of the integrand being to ao left of the contour. 
In its relation to operational procedure, this formula can be con- 
sidered to be based upon (2) and (10). Accordingly it may be 
regarded as the Bromwich-Wagner integral. In modern practical 
applications it is useful for interpreting operational forms ¢(p), 
where 


$(p) = P| NTE (12) 


When certain conditions * are fulfilled, (11) and (12) constitute a 
particular case of the Mellin inversion theorem.t ¢(p)/p is the 
Laplace transform of f(t) 

The contour c+io, where. c>0 is not necessarily constant, 
may for present purposes be regarded as the Bromwich contour. 
Provided the integrals along the arcs in the second and third quad- 
rants, joining the extremities of the contours, vanish as their radii 
—+o, any contour starting in the second quadrant, crossing the 
real axis at z=c,>0 and terminating in the third quadrant, is 
equivalent to c+io. In certain cases the equivalent contour 
-—#, (0+), -—o is very useful, e.g. asymptotic expansions in 
cable problems. 

Bromwich followed up his first paper in 1916 by a number of 
others dealing with various problems in mathematical physics. 
These contributions to the subject appeared from time to time 
during the years 1919-30. 


* See McLachlan, Phil. Mag. 25, 261, 1938. 
t Titchmarsh, Introduction to Theory of Fourier Integrals (1937). 
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Heaviside’s procedure and the Mellin inversion theorem. 


Those who have used Heaviside’s operational procedure are aware 
of the possibility of pitfalls (Bromwich called them slippery places). 
Books have been written for technicians by technicians in which this 
procedure is crystallised, so to speak, into rules, and in a number of 
practical applications they are easy to apply. But the blind usage 
of a technique (which is never justified by formal processes and 
logical argument in the said books) invariably stimulates a psycho- 
logical reaction, and the technician often finds himself in a dilemma. 
A number of engineers have informed me that one can never be 
certain of the Heaviside method, but it seems to be satisfactory 
provided the result can be checked in some other way! There 
are, however, problems whose solution by expansion in series and 
“algebrisation”’ in the Heaviside manner are unsatisfactory, the 
form of solution throwing little or no light upon the physics of the 
situation.* 

Attempts have been made hitherto to justify the Heaviside pro- 
cedure formally, without recourse to complex integration, and to 
show that if »=d/dt, then p’, where » is real, can be interpreted in 
terms of the gamma function. But such theses do not carry con- 
viction. 

By using the Mellin inversion theorem, as in the example given 
above, the operational solution of a problem is found as a function 
of p, t.e. &( p), the former being a mere number whose real part > 0. 
There is no question of p being identified with d/dt. Having got 
the operational solution, it is interpreted in terms of ¢ by aid of 
integral (11). It happens, however, that the same operational solu- 
tion is obtained by writing p for d/dt, and the same function of ¢ 
appears when the operational solution is algebrised in the Heaviside 
manner. Interpretation by the contour integral frequently gives 
the result in the form of a tabulated function, whereas algebrising 
may yield an unrecognisable infinite series. 

We may say that Heaviside’s operational procedure “‘ happened ”’, 
as do many great inventions and events in life. They are none the 
worse for this. If experimental results could always be deduced 
a priori, research would be unnecessary, and this would deprive the 
scientist not only of his joy in life, but of his livelihood! The position 
respecting operational procedure may be summarised by saying that 
“something ‘ happened ’ to Heaviside which made Bromwich and 
Wagner ‘ function ’,” to the great advantage of mathematicians and 
technicians. With the march of time, it is necessary to replace old 
methods by new in every department of scientific activity, wherever 
this is feasible. Moreover, the time is now ripe to remember what 


*See McLachlan, Math. Gaz. loc. cit. 


"} As an example of this we can take the case of 1/(1 +ap). The contour 
integral method yields 1 — e*/** (1 —erft/a?), but the series for this would not be 


' easily recognised. This occurs in a problem on elasto-viscosity of materials like 


flour-dough or gelatine solution. 
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the illustrious Heaviside did, but to forget how he did it. So far 
as our present knowledge goes, the best procedure seems to be the 
application of the Mellin inversion theorem, as in the example given 
above. * When this is used, “ p” is merely an inversion or trans- 
form parameter. Accordingly the nomenclature “ operator” and 
“ operational” is inaccurate. But in this matter we have to con- 
tend with usage extending over half a century, and an attempt to 
rechristen using, say, ‘ Parametric” or “ Transform” Calculus, 
would doubtless be greeted with ironical cheers. In any case a 
change of nomenclature would be unwise before being agreed upon 
at an International Conference. At some future date, when the 
Mellin theorem holds the operational field, the “‘ young idea ”’ will 
wonder how the word “ operational” came into being to describe 
something entirely different. Some of the present generation are at 
a loss to explain why Thomson and Tait (7' and 7”) perpetrated the 
ill-founded title “‘ Spherical harmonics ”. Musicians and acousticians 
should be sole concessionaires of the word harmonics ! 

Finally, we shall compare operational procedure with a time- 
honoured engineering process. Suppose we have a large ingot of 
steel and want to make an elaborate framework therefrom. By 
using hammers, chisels, hacksaws, drills and other engineering 
appliances, the ingot can be shaped ultimately into conformity with 
our design. This may be regarded as the sledge-hammer or battle- 
axe method. If the ingot is melted and run into a sand mould (made 
by aid of a wooden pattern of the framework), the required result is 
obtained very quickly and much more simply than by the sledge- 
hammer way. We may conceive the moulding procedure to be akin 
to the operational method in mathematics, the sledge-hammer 
method comparing with analysis prior to the operational era. 

Transformation is made from the solid in a certain form to the 
liquid state, which after being given a predetermined shape is 
allowed to regain the solid state. The dependent variable y in a 
differential equation is expressed in terms of a parameter p, the 
resulting expression is interpreted, and the dependent variable y is 


obtained explicitly in terms of the independent variable t. 
N. W. ML. 


1189. To offer the reader that sentence (from an Act of Parliament)... 
would be as little reasonable as the revenge offered to a village schoolmaster 
who, having complained that the whole of his little treatise on the Differential 
Calculus was printed bodily in one of the earlier editions of the Encyclopaedia 
Britannica, was told that he was welcome, in his turn, to incorporate the 
Encyclopaedia Britannica in the next edition of his little treatise.—J. Hill 
Burton, The Book Hunter, p. 144. [Per Mr. J. B. Bretherton.] 

1190. Between these two parallel lines a gulf still opens. It is far narrower 
than it was ; but still as profound and still unbridged.—Julian Huxley, Essays 
in Popular Science (Pelican Books), p. 138. [Per Dr. C. Fox.] 





* The most powerful method for solving technical problems of various kinds is 
that of integral equations. The Mellin theorem provides a ready method of solution 
for a certain class of problem. 
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CUBIC ENVELOPES DERIVED FROM SYSTEMS 
OF CONICS 


By G. N. Watson. 


THE point of the question, ‘“ What is the envelope of the principal 
axes of conics touching any four lines? ’”’ posed by Prof. Forder on 
p. 83 of the current volume of the Gazette has puzzled me not a 
little ; because (i) though my ignorance of the literature of conics 
is profound, yet that literature is so extensive that it seems unlikely 
that no solution of the problem has ever been published ; and (ii) 
it seems even more unlikely that Prof. Forder is not in possession of 
a solution. However that may be, here is a solution which might 
have been submitted by a well-prepared candidate, had the question 
been set in a Cambridge Entrance Scholarship Examination, whether 
in December 1937 or in December 1906—or even in April 1877. 

Consider first the coordinates of the axes of the general conic 
referred to areal-tangential coordinates 


Al? + Bm? + Cn?2+ 2Fmn+ 2Gnl+ 2Him=0, 
the lengths of the sides of the triangle of reference being «, B, y. 
Let (lp, m9, %) be one of the axes. The equation of its pole is 
21(Al,+ Hmy+ Gn) =9, 
say lA+mp+nv=0 
for brevity. 

Now necessary and sufficient conditions for the line to be an axis 
are (i) that its pole is at infinity, and (ii) that it is perpendicular to 
any finite line through its pole. 

Take (4 — v, v— A, A— pz) as the finite line ; then, the lines (1p, m9, 9) 
and (l’, m’, n’) being perpendicular if 

Zax? {(Iq — 1g) (I’ — 0’) + (Ip — M9) (l’ — m’)}=0, 
we see that the conditions for (lp, m9, %9) to be an axis of the conic 
may be written in the form 
A+ Btv= 0, 
Zee? {(1y — Mo) (2u — A— v) + (Ig — Mp) (A+ pw — 2v)}=0. 
By using the first condition, we can reduce the second condition 
to 


Xa? { (1) — mp) + (Np — 1y)v}=0. 
Consequently the coordinates of the axes of the conic 
Al? + Bm? + Cn? + 2F'mn + 2Gnl+ 2HIm=0 
are obtained by solving the equations 
2 (Al+ Hm+ Gn)=0, 
Xa*{(l— m) (H1+ Bm + Fn) + (n-1)(Gl+ Fm+Cn)}=0. 


Consider now the set of conics touching four given lines. Take 
the intersections of the diagonals of the quadrilateral formed by the 
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lines as vertices of the triangle of reference. We may now take the 
equations of two fixed conics of the set to be 
S,= A, + Bym?+C,n?=0, S,=A,/?+ Bym?+Cn?=0, 
and we may suppose 
S=Al?+ Bm?+Cn?=0 
to be a variable conic of the set if we take 
A:B:C=kh,A,+k,A,: kB, +k,B, > k,C,+kCo. 

The coordinates of the axes of the last conic satisfy the equations 
Al+ Bm+Cn=0, 
ZAL{B#(L- m) +92 (n-D}=0, 

and the second of these equations may be abbreviated to 
AL+BM+CN=0, 
so that, evidently, 
—- See, 
mN-nM nL—-IN IM-mL° 
If we now eliminate the ratios k, : k, : 1 from the equations 
k,A,+ kA, _k,B, +k,By _k,C,+kCs 
mN-nM nL-IN IM-—mL ’ 
we get the envelope of the axes in the form 
mN-nM, nL—-IN, IM-mL |=0. 
A,, B,, C 
A 29 B 2> C, 
When we replace L, M, N by their values in full, we obtain the 
equation of the envelope in the form 
2 (B,C, — B,C) mn {a? (21 — m —n) — (B? — y*) (m—n)}=0, 
so that the envelope is, in general, of class three. The envelope 
touches the sides of the triangle of reference and the line at infinity. 


Take now the special case, envisaged by Forder, when the conic 
S, is a circle ; we may then take A,, B,, C, to be equal to 


1 1 1 
BP+y?—a?’ y?+02—- BP?’ a+ p2-y?’ 
and the cubic envelope becomes 
m{y* (2n — 1—m) — (a* — B*) (1— m)} 
Zyl P+ ap 
Maina, | 
a2 + Bp mn y . 

















This breaks up into 
ZA, (a2 — f* — y*)l(m—n)=0, 
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the conic is a parabola, and the point is the orthocentre of the 
triangle of reference. 

It is easy to see that, with the notation already used, the envelope 
of the axes of the set of conics through the four points of intersection 
of the conics (referred to areal coordinates), 


x? + by? + ¢,z2=0, apx* + boy* + c.2?=0, 
q 1 1 et 1 Oey" + Caz 





is 
1 1 1 =e 
mN-nM’ nL-IN’ IM-—-mL 
a, b,, Cy 
ae, be, Cg 


that is to say 
2 (byCg — bgc,) L{B? (2m — n — 1) — (y? — a*) (n —1)} 
x {y? (2n —1— m) — (a? — B?) (1—_m)}=0 ; 
this is also of class three. 


Take now the special case when the second conic is a circle, so 
that we may assume pg, bo, c, to be equal to 


B2+y?-a?, y?+a2-f?, a2+p?-»?, 
and the cubic envelope becomes 

2a, {oe (21— m — mn) — (B*—y*) (m—n)} 

x [1 (y? + ac? — B°){B? (2m — n — 1) — (y? — a) (n—1)} 

— me (ox* + B? — y*) fy? (2n — 1 — m) — (a? — B) (1—_m)}]=0. 
This breaks up into 

La, (m — n) {a2 (21 — m —n) — (8? - y*) (m—n)}=0, 
21 (y* + a? — B?) (a? + B? — y?)=0 ; 


the conic is again a parabola, and the point is again the orthocentre 
of the triangle of reference. G. N. W. 








1191. . . . a proposition in the second book of Euclid, one of those rigmaroles 
which elaborate on the theme of a line divided equally and also unequally. 
The whole affair sounded to me like the litany of a maniac. ..—Mark Grossek, 
First Movement, p. 100. [Per Mr. P. J. Harris,] 

1192. ... [the master] had set us three of these rigmaroles to learn for 
homework . . . it was supposed to be learnt by heart . . . and the next day we 
would write out from memory whatever tit-bit he selected to test our diligence 
with. On this particular occasion it was one of the three Euclidean rebuses . . . 
before very long I was floundering about in a slough of geometrical cross-talk.— 
Mark Grossek, First Movement, p. 101. [Per Mr. P. J. Harris. ] 

ae whatever you calculate in Yorkshire may be repeated by a cal- 
culator here for certainty. We are all so prone to error in calculations of this 
nature that no single hand is to be relied on.—In a letter, 1705, Mar. 6, from 
Flamsteed to Abr. Sharp. Life and Correspondence of Abr. Sharp, p. 83. 
William Cudworth (1889, Bradford). (Per Mr, Frank Robbins. ] 
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OPERATIONAL METHODS IN MATHEMATICAL 
PHYSICS. 
By H. S. Carstaw. 


1. The reviewer of Berg’s Operational Calculus as applied to Engi- 
neering and Physics (2nd ed. 1936) in the Gazette (Oct. 1937, p. 309) 
remarks that ‘‘ Heaviside’s methods deserve more attention in this 
country than they appear to receive’, and a reference is made to 
articles contributed by Bromwich, Jeffreys and myself to Vol. XIV 
in 1928. 

In my article, an essay-review of Jeffreys’ well-known T'ract on 
Operational Methods, I held that, owing to the obscurity of Heavi- 
side’s work, the best way of attacking the problems in the partial 
differential equations of mathematical physics, often solved by his 
methods, was to use contour integration. Jeffreys admits (p. 114, 
2nd ed.) that Heaviside’s arguments are often ‘‘ suggestive rather 
than demonstrative”, and I felt that even in the treatment by 
Bromwich and Jeffreys much of the mystery still remained. 

I would like now to return to this question. In this article I hope 
to remove some of the mystery, and, by solving some examples, 
indicate the approach to the Operational Method I am now inclined 
to employ. 

2. Heaviside deals with two quite distinct questions : 

(I.) The solution of an ordinary linear differential equation with 
constant coefficients, such as 

a,D"x +a,D"2+... +a,x=f(t), t>90, 
the values of x, Dz, ... D"-1x being zero, when t=0, and D=d/dt. 
Under the same heading, the solution of a system of simultaneous 
equations of the type 


€41%y + Cyo%o +. + €nXp =f, (t) 


CnyXy + Cnore +... +ennXn =f (t) 
where ¢,,=@,,D2+b,,.D +c, and 2, ,...%,, Dx, Dx, ... Dx, are 
zero when ¢ =0. 

In both these cases similar methods apply when the dependent 
variables and their differential coefficients, as stated above, have 
arbitrary values when ¢=0. 

(II.) The solution of the partial differential equations of mathe- 
matical physics with given initial and boundary conditions. 

The first of these questions offers little difficulty, and the modi- 
fication of Heaviside’s method described below, due to van der Pol,* 
might with advantage be introduced into the textbooks on Dif- 
ferential Equations. 

The second is much more important, and it is here that the 


* Phil. Mag., (7) 7 (1929), 1153. 
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obscurity to which I have referred occurs. The treatment below 
(§§ 9-15) is similar to that for the ordinary differential equation 
(§§ 3-8), and it is an obvious adaptation of the methods used by 
Doetsch.* I have found it useful in the discussion of problems in 
the Conduction of Heat. It seems to me a simple and satisfactory 
approach to, and explanation of, the Heaviside Operational Calculus. 


3. Consider the equation 
a,D"x+a,D""x+... +a,x=f(t), t>0, 
with x, Dx, ... D"—1x zero, when t =0. 


Multiply throughout by e-?‘ (p > 0) and integrate from 0 to «. 
Then we have 


z a, [eps reat = [espa 


r=0 0 0 
2) io) oe) 
But J ce D'rdt= | e-Dr-2 | +p | ee! Dect 
0 0 0 
2) 
-p{ e-*D-zdt,r <n 
0 
2) 
=p* | e-?*D*-*z-dt, etc. 
0 
Therefore 


i] os) 
(agp" +a, p"1 +... +a,) { ety dt -| e~?* f(t) dt. 
0 0 














oo} 
. | e-Pt f(t) dt 
And | e-?ty dt = 0 . ; 
0 App" +a, p"*+...+Ay 
(i) Let " f@=1. 
Then e-?txdt = 1 ; 
l P(Aop" +4, p"~* +... +n) 
Then 7 e-?te dt = 1 . 
” 0 (p —4) (4gp" + ap" +... +n) 
(iii) Let f(t) =e*'t", where r is a positive integer. 
i] r! 
M —pt = 2 . : 
hen [. etx dt (p—a)"1(a,p" +a,p""" +... +4,) 


* Since his first paper, “‘ Uber das Problem der Warmeleitung ”, Jahresbericht d. 
deutsch. Math. Vereinigung, 33 (1925), Doetsch has in many papers advocated the 
use of the Laplace Transformation in such questions, and his important book, 
Theorie u. Anwendung der Laplace-Transformation, (Berlin), has appeared in 1938. 
His work thus anticipated van der Pol’s, which depends on the same principle. 

But, since writing this paper, I have learnt that Bateman, in the Proc. Camb. 
Phil. Society, 15 (1910), 423, anticipated both. See also Bateman’s Partial Dif- 
ferential Equations of Mathematical Physics (1932), p. 46. 

t There is a short paper by Itoo, T., in the Tékohu Math. Journal, 42 (1936) 
— “* Pseudo-operational Calculus ”, the idea being much the same as in this 
article. 


8 
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In all these cases the value * of x can be obtained at once by 
breaking up the right-hand side into its partial fractions and writ- 
ing down the term in zx corresponding to each, as will be seen from 
the following examples. 

It will be noticed that, in addition to being positive, some further 
condition is sometimes to be satisfied by p; E.g. p>a, in (ii) and 
(iii) above. 

It should also be remarked that, in passing from the differential 

i) 

equation to the equation in | e-?trdt, we have made certain 
0 

assumptions as to the nature of z; 


e.g. lim (e-?¢x) =0, lim (e-?* Dx) =0, etc. 
too ta 
However, it can be shown that the solution of the equation in 


e-?txdt does in fact satisfy the given differential equation and the 


0 
conditions when t=0. Into this point we do not enter here. 


4. In these examples for simplicity the equations are of the second 
order. The values of x and Dz are zero when t =0. 














(i) (D?+3D+2)x=1, ¢>0. 
_ | e-mtat 
Thus \o e-Ptxdt ~p?+3p +2 
ip 1 
p(p+1)(p+2) 
os. ee. Se. IO 
2p pt+l 2(p+2)° 
Therefore x=} -—e-*+he-%, 
(ii) (D? +3D +2)” =e, t> 0, a+1 or 2. 
Thus (~ e-?txdt : 
us e~Ptxdt = 
Jo (p +a)(p +1)(p +2) 
" 1 - 1 P 1 
~ (a-1)(p+1) (a-2)(p +2) (a? -3a+2)(p +a) 
1 1 1 
i = = Pe 
Therefore on. 4 ——_8 +a ean3? A 
(iii) (D?+3D+2)a=e*, t>0. 
TI ( e-ptedt => _ 
—] —_ {= 
Jo ° oO FIP +2) 
1 1 1 


“@+l? p+l p+2' 
* It is known that, when ¢(t) = e~?t(t)dt, there cannot be more than one con- 
tinuous function $(t) satisfying this relation. Cf. Lerch, Acta Math., 27 (1903), 339. 
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Therefore x =(t —1lje* +e-**, 
(iv) (D? +3D + 2)x =te**, t>0. 
qT! |” ered - 
1us e-P'zat = 
“0 (p +1)(p +2)(p - 3)? 
m 1 f 9 ‘ 1 ne 1 
~ 20(p —3)? 400(p-3) 16(p+1) 25(p+2)° 
9\e% 1 1 

= eel re ee 
Therefore r=(t 20 20 +16 35°" 
(v) (D? + m?)a=cos nt, t> 0, m*+n?, 

Ps) 
edi p 

Thus \ e-P'xdt (p? +m) (p? tn) 

= ! P = P * 

m?—n? \p?+n*? p*+m? 
Therefore x — i (cos nt — cos mt). 
m? —n? 
(vi) (D2? +n?)a=cos nt, t>0. 
200 
: sa ere. 
Thus a e~ Pty dt =p ane 
Therefore x mA sin nt. 
2n 


5. Now suppose we have to solve the equation of §3, where 
a, Dz, ... D®—'x have arbitrary values Xp, 21, ... Z,_,, When ¢ =0. 
In this case 


oe} 2 ‘00 
e-"*D"xdt = [ D2 | +p | e-"*'D*—zdt 
0 0 0 


re) 
= —2y4 +p e-**Dt-lzdt, r<n, 
0 


= -%,_4—-PX,».+p [- e~?t Dr-*xdt, etc. 
0 
Thus we obtain 
(agp” +a,p"—" +... +a,){ ex dt =Ay(%p_y + PXn_o +... +p" 2p) 
; + A, (%p_9 + PTn_g t+... + p"—*2p) 


+Qp_9 (2, + PXp) 
+On_1Xpq 
f-o) 
+f e-?txdt, 
0 
and we have to find x from this equation. 
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6. In this section some equations of the second order are solved, 
where x and Dz are 2, and 2,, when ¢=0. 


: (oo (oo 
Since \, e—-?t*D2xdt = — (a4, + p%o) +p*\, e—?txdt, 
(a0 3) 
and \, e-?tDadt = —x,+p e~Ptxdt, 


e 


ao 
there is a simple rule for writing down the equation for \, e~Ptadt. 


(i) (D?+3D +2)x=c, t>0. 


(a0 c:) 
Thus (p?+3p+ 2)\ e-Ptxdt = (x, + pry) +3a,+¢ \, e~Pldt. 


pty + p(t, +329) +e 
p(pt+1)(p +2) 
A B C 


=— +——_ +. say, 
p ptl pt2 : 





tc) 
Therefore \, e~Ptedt = 


unless the numerator contains p, p + 1 or p+2 as a factor. 


Therefore x =A +Be-* +Ce-t. 
(ii) (D?+3D +2)x=4, t>0, with x,=1 and x, =2. 
a0 24 5p + 
Thus (p? + 3p + 2)| e-Ptgd =P +P +4. 
0 p 
roo 
Therefore | e~Ptxdt ——P- a 
70 P(p +2) 
_2 1 
p pt2 
Therefore x —2 —e-t, 
(iii) (D? +m?)x=cos nt, t>0, m? + n*. 


t.) 
. . —pt > 
. (a, + po) +}, e~?* cos ntdt 


Thus ‘ e-Ptydt = 





p?+m* 


x nae p 
ee yi 


~ p?+m*" p?+m?” (p? +m?) (p? +n*) 





Ly .. 1 
Therefore 2 =-'sin mt +2, cos mt +———- (cos nt — cos mt). 
m m* —n? 





(iv) (D?+n*)x=cos nt, t>0. 
;oo a, +px ) 
Thus | e-Ptadt =~? ° +— Pe ae 
/0 pt+n®? (p*?+n?)? | 
Bis e 
Therefore x =— sin nt +2 cos nt +5, sin nt. 
n n 


7. This method applies also to simultaneous equations. 
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Ex. To solve * 


(D* + 1) +(D* — SD) y =O, ...cccccccccccsceccsscseses — 
(D? + D)x + Dy SH) cin'alacane aeiaeanaiacnwnionaean (2) 
the values of x, Dx, y and Dy, when t =0, being xo, x, yp and y. 
But in this example there is a relation between 2, 2, Yo and y, 
since from (1) and (2) we deduce 








CP Dat Oe sos s shennc tech vxcawaceeteree (3) 
and we must have 
By ig Po OD oss caswsuiscncetasstccemesceeee (4) 
Multiply (1) and (2) by e~”* and integrate as before from 0 to . 
) (0 
Write \, e-Ptxdt =é and \, e-Ptydt =n. 
Then we have 
(p? + 1)E + (p? — 2p) =(pay +24) + (PYo +Yy —VYo)y -seesersccrsencenee (5) 
(p? + p)E +29 = (pay +2 +Xo) +(PYo +Ys)- cccoceccccccccscccces (6) 
Therefore P(P+3)E =(M +2) We + dy + Why ccvrossecsccccerseseccecsees (7) 
and p?(p+3)n =pyy — p(X, + Y, — BYo — 2%) +2, +X%_ +Y,. ...(8) 
From (7), \° e- Mazel = P+ 2% + 3% + 2H 
J0 p(pt+3) 
2(Xo+%1 +41) To — 2a, — 2y, 
~ op " 3(p +3) 
Therefore L=F (aq +2, +Y:) +4 (Xo — 2a, — Vy, )e-**, 


Also from (8), 








foo e-Ptydt _ 2%, — 42, + 9 — 4% totMtH 4x, +4y, — 2a, 
” 9p 3p* 9(p +3) 
Therefore y _ 2% — 42, +See —4y; ied. =" +Y; ‘+ 4x, + eM — 225 ett, 


8. It will be noticed that this method of solving the examples in 
§§ 4, 6, 7 is much easier than the usual textbook method. In the 
latter the complete solution, with its full number of arbitrary con- 
stants, would first be found. The values of these constants would 
then be determined from the conditions at t=0. By the method 
illustrated above, the use of these simultaneous equations in deter- 
mining the values of these constants is avoided altogether. 

However, it seems to me quite unnecessary in such cases to talk 
of an operational solution. Nor is there any need here for a table 
of operators. All that is wanted is a few simple results in definite 
integrals. 


9. A similar method can be employed in the solution of the 
partial differential equations of mathematical physics, with given 
initial and boundary conditions. 


* Compare the solution of these equations given in Bromwich’s paper, Proc. 
London Math. Soc. (2), 15 (1916), 409. 
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Let a variable v satisfy one of these equations when ¢t>0 ; 


Ov = a% 

é.9. ME * Oa?” Peeecccccccccccoscccesoeceosoeecooeosces (1) 
dv av 1d 
at =«(53 ar = + SBeseocesseswoneseesssoeusses (2) 


Multiply the equation by e-”' (p>0), integrate from 0 to 
co 
with respect to ¢, and write i=] e-?*vdt. 


0 
Then in place of (1) and (2) we have 


aj , 
Kd POX — Upp vvveeerrererereerreerensees (1’) 
ds 1ds\ . 

«(S3+- F) p= -% Ce ccccecccccccccccccs (2’) 


where v, is the initial value of v. 
Solve the “ subsidiary’ equation for 6 with the aid of the 
boundary conditions and let 6(p) be the solution. 


‘oO 
Then 0(p) -| e-?vdt, 
0 
and v is to be determined from this equation. 
Similarly, in the vibration of strings, 
Oy _ 2 oY 


oe ~* 3x2” #>0, 0<ar<l, eccccceccocceccesococe (3) 


where y =f (x) and Y _ F(a) for ¢=0, and y=0 when x=0 and x=l 
i 9] 

for ¢>0, we multiply (3) by e-”*, integrate, and write 7 -| e~ Pty dt. 
0 


We thus obtain the “ subsidiary ” equation for 7, 


ay ‘ 
a 29 = — pf (xz) -—F(x), O<a<l, v.ccceeee (3’) 
with G=0 when 2=0 and Zeal. ..........ccccccccccccscvccsssccees (4’) 
Then y is to be determined from 
a-f e~ Pty dt. 
0 


In some cases the determination of v (or y) from 6 (or ) offers no 
difficulty, and a table of such ‘“‘ Laplace Transforms ”’ can be used. 

In other cases we turn to the general theorem that, under certain 
conditions when 


f(p) -[ e~?'F (t) dt, 


F(t)= 





l +00 
eNf(A)dA, c>0, 
a 


2077 Je—iw 





ass 
ani 
’ 





’) 


1€ 
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and the treatment of this complex integral gives the required 
solution.* 

This method will be illustrated in the sections that follow by the 
solutions of some problems in the Conduction of Heat and a familiar 
example in the Vibration of Strings. 


10. Linear flow of heat in a semi-infinite solid : the boundary x =0 
kept at constant temperature v,; the initial temperature of the solid 
zero. 

Here we have to solve 


2 
wan, BS De ki iendccisanoncaccoees (1) 
V=O, When F=0, 7-0, ..ccccccccsccoscsseces (2) 
V=q, When t>0, =O. .........cccccecceeee (3) 


Multiply (1) by e-?* (p>0), integrate with respect to ¢ from 0 to 


o, and write s-[ e-?tydt. 
0 


2) (os) 2. 
Then | en at=« | ot OP orp 
0 ot 0 x 


[ e-™ y —pty dt ae gous dt 
e ol +p["e v =«5a\.¢ vdt, 


assuming that v is such that we can alter the order of integration 
and differentiation on the right. 
Then, since v =0 when ¢ =0, we have 
- 
ne -po=0, x>0, 
* This theorem is sometimes said to be derived from Fourier’s Integral, but the 
“ proof” is purely formal. 
E.g. by Fourier’s Integral we have 
1 (2 ‘ a ee 
$(z) > c. e—tatda .. eiax’ h(x’) dx’. 
But $(z) =e" F(z), when x>0 
=@, when «<0. 


Therefore 


1 (2 : « ee * 
Then F(z)=— [ e(c—ia)tda | e-(c—ia)x’ F(x’) dx 
2m }—w Jo 


l -— 


2im Je—iw 


ext day 4 eax’ F(x’) dx’. 
0 


Thus, if fla) = a e—atF (zx) dz, 


e+ 
F(2)=5— |" * ext f(x) dex 
tT Je—io 
A simple proof, stating conditions imposed upon f(p), is given by Churchill in 
Math. Zeitachrift, 42 (1937), 569. 
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de-N 2% 





leading to d= 
as 0 cannot be infinite when x —> ? 
io 4] 
But lim = lim e-Pty dt 
z—0 z—>0J0 
co 2) 
-| e-?t lim vdt * 
0 2-0 
=U,/P 3 
p 
Therefore d= P ee J . 


and 


aoe Fane a 
~ Qin =f. 


c—ia 
Consider the closed circuit in the res given in Fig. 1. The 
line AB is at a distance c from the imaginary axis ; the large circle 
T has its centre at the origin and its radius is R: the small circle y 
with the same centre has radius r. There is a cut along the negative 
real axis, and —7<argA<r7. 


a f 











YW 


ie] 
o/ i 








KA 


Fie. 1. 
We take asl ° nave 2 
ur 

over this closed circuit, and we know sae the integral is zero. 

Let I,, Iz, Is, I4, Is, Ig and I, be the parts contributed by BB’, 
B’F, FE, the circle y, DC, CA’ and A’A. 

ier >) 
Then | I, |< e* sin ( . 


* This involves a further assumption as to the nature of v. 








is 


i.e 


1.e 


tu 
an 





ow 8 8 
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Therefore I,—0, when R>o. 
Also | I2|< | eRteos® dg 


Ee e—Ftsin® dg 


o 


= Rt 
<[oevr ao 
0 
“ae 
Ri’ 


Therefore J, +0, when R>o. 
Similarly J, and J,>0, when R>o. 
It follows that 


% 2 [es Vis - 


Qin 


c—t0 


is equal to the sum of the integrals over CD and EF, and that 
over y in the counter-clockwise direction, when Ro and r—0. 
From CD and EF we get 


- A [- e-?t (ee = i) dp 


2tr 5° 
‘ oF x d 
i.e. -%0/"e e-°t sin J =. 

7 Jo p’ 
, 2v, f° : du 
i.e. —-—2] et sin uz — , 

7 0 U 
Zz 
, 2v_ (avid 
i.e. ~—al _ e- du.* 
TJI9 


Also from y, we get Up. 
2 = 
Thus V=Up (1 -— yp e au) ' 
Ja 0 


11. Linear flow of heat between x=0 and x=I ; the initial tempera- 
ture @ constant v4; the surfaces x=0 and x= L kept at constants v, 
and Vp. 

* This well-known integral can be obtained from 

A 
| e—arat cos 2 bx da =i. @ 


by integrating with respect to b from 0 to b. 
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Here we have to solve 
ov = 02y 
at ant’ 


v=, when £=0, O< 7< 1; ........cccceee 
v=ay,, When §>0, F=0; ......ccccoccccvees 
CmGy, Whew SG, Sol, ....cccrcceesesescoes 


Proceeding as in § 10, we obtain the subsidiary equation 


KG PO= —%, 0<a<l 
Y 


with 6’=—, when z=0, | 





d= "2 when x= l. 
Pp 


It is easy to show that these give 


sion, /2q-2) | sinh /2 x 





o=—+ - + eens 


Pp p 
sion [1 sinh. /21 
K K 


We have now to find v from 


0(p)= 4 ON ioivncntacecandeesecedestusdeosoes 


oH? ate (A) dA. 
or v= al NB (AVA. .ncrcrccccccccccvcccees 


c—io 


It is clear that we can take the three parts of 6 separately. 


U/P gives Up, 


p» |P 
op sinh, [Baa eq 11% =f a _ tafe) x) 
sinh [21 - a 


In this case we take the closed circuit of Fig. 2, since 


3 
sinh, /2a—2) -2) (l- Raukrer a 4 
1 —rAE 
can Pr “— 











PO ORESES cecwsdasi 


eeeeeereeeseseees 


(4) 


...(6) 


...(8) 


and we choose RF so that it does not pass through any of the poles 


— nO (n= 1, 2,. 





++). 








SS rr ew 











col 


from 








6) 


(8) 
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The integral over the closed circuit is equal to the sum of the 
residues, and it is easy to show that when R— o the integral over 
the circular part of the circuit tends to zero. 


A 
vy, —U (erin sah, [Ran x) an 
2in i _* 
“inh Pa? 
l-—z 


is equal to (v,—v))——, contributed by the pole at A=0, plus 


l 
a Fa, 
7 oth l 
contributed by the poles at <a B oie > ious 
} 
{ 





It follows that 
? 














, A 
Fie. 2. 


The remaining part of in (6) gives 
A 
+io «Sin inh |e 
+ a A 
sinh anf" 


from which, as above, we obtain (v, — v%) = 7? from the pole at A =0, plus 





2 (v2 ~ Uo) $6 —))* Ft in 2, 
7 1 n l 





2,2 
from the poles at Kr , (n=l, 2, ...). 
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Thus we have 


273 
22(-1)"v,-v, —«*St . na 

v=v + (%-%) 5 += 5 p sin x 
,2e S3.(—2)* ~<ot. Oe 

es) hes Ba i "sin — 2. 
7 4 n l 


12. Flow of heat in a circular cylinder r=a ; initial temperature 
zero ; the surface kept at a constant vp. 
Here we have to solve 


dv e 1 dv ; 
nk Satz oe)  . e (1) 
vV=0, when £=0, 0 <1 <G;} ....ccrcsccccrsesescresees (2) 
Vg, WHEN E>, FwG. ....ccccccccrcccrcrerscscseres (3) 
Proceeding as in § 10 we obtain 
as 1dé i ere 
e(S3to> -pv=0, O<r<a 


Vo 
6=—, when r=a 
P 


where o -[. e-Pty dt. 
0 


Thus we have 


BIS 
~ ~ 
° ° 
gery, Err, 
21S ial | 
— : 

cS 





and 


ee eeeeeeereeereeeee 


In this case we take the circuit of Fig. 2 * and choose F so that none 

of the zeros of J, ( J : a) lies on the circumference. It is known 
~ K 

that 1,( a) vanishes only at A= —xa,?(n=1, 2, ...), where 


+a, +aa,... are the roots of J,(x) =0. 

Using the approximations for I, o(z) we find that when R—> o the 
integral over the circular part of the circuit vanishes. 

It follows that 


a 
UV =Up + Uy 2 erent Toloent 


hen () ar 


the first term coming from the pole at the origin. 
* Since the integrand is a single-valued function of A. 














P; 


whe! 


and 
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A d l A a 2 
But rd to(/2a) =3(, a) 1 (,/42). 

















22 A 
And 1,()=l+5 +5 gate: 
D , z s 
Therefore 21)’ (2) =2 mat 4 Rm gts 
\ | A ] 2(a,a)? 4(c,a)4 
(1) Thos Ag I _ A=—Kay? aie wie Ce 
> = AnQ Jo («,@) 
Therefore V=U ( 1+ 2 2 em KeyXt ee) , 
aj andy (x) 
( } the summation being over the positive roots of J) (aa) =0. 
13. Flow of heat in the solid bounded internally by the cylinder 
r=a; the initial temperature zero ; and the surface kept at a constant vo. 
Here we have to solve 
Ov _ ( wv} “4 
a = a7 + Or bey FEE. Kciutocticmenen (1) 
65 O=©0; WhO Em 0; 16g. uckcdeiiiccccwieenmen (2) 
Pert, WORT, FOG. cvsesccsrssescrnsereenania (3) 
Proceeding as before we obtain 
es + : ¥ pv=0, r>a 
(6) «(gat par) ~PO=O 
PRE Keteceneteisicin (4) 
, 6=-°, when r=a 
none P 
a 
10WN where 0 -| ety dt. 
0 





Thus we have 


See e meee eeeeereeeeeeseeseseseeees 
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In this case we take the circuit of Fig. 1, the integral over the 
circular arcs vanishes in the limit when R —  , and we replace ( 


: r , 
% se Koll wa 
Qin c—ia a A 
Ko(,/20) 
K 


by the integrals over CD, EF, and the circle y. 
Over CD we take A =pe~* 


wt Bo Jeo8) (6 (fe) (Je) 


Thus CD gives 





| 
ij 
o 
oO 3 
! 
R 
Ny 
o 
gaan, Fa 
x '1d 
a 
a 
+} 
° 2. 
he 
o 
rr, 
! wars 
= 
er 
> 
cel 





Qin 


% ? os a 
bend 


And the circle y gives vp. 
Thus we have 


None aZelal te) (ie) (Vi 
Te ae(feelere(fie) 


2 2 cue Zo (Ur) Y (ua) — Jo (ua) Yo (ur) du 
=v9(1 +[e sing Te (ua) + Y,?(ua) . =): 


14. A stretched string with its ends fixed at the origin and 
x =l has for initial displacement and velocity, respectively, y =f (2) 


and 2 = F(z). 








C] 
The subsequent vibration is determined by the equations : 
Hy _@ ® 10, 0<r<l (1) 
an aa? ; | Meeteresensenall 
y=f(z), when ¢=0, O<2<l,  ........cccceee (2) 
oY _ F(a), when £=0, 0<%< 1, .cccscccccsceed (3) 
y=0, when x=0 and x=, t>0. ............ (4) } 


* Cf. Watson, Bessel Functions, p. 78. 








tern 








0" 
> |} 


and 


f(z) 


(2) 
..(3) 
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3] 
Proceeding as before and writing j- e-?'ydt, we obtain the 
0 


equations for 7: 


dy 
a4 - Py = ~ F(x) —pf(x), O<e<I (5) 
g =0 when x=0 and x=l. 


By the method of variation of parameters,* the solution is found 
to be 


‘xz 


1 sinh Fl — 2) 
=~, | (F(é) +f (6) sinh © Ede. 





atte sinh” 1 - 
if p sinh? x 
—| (F inh = (1 — )dé. 
tap), Pe) +2916) sinha - ae wal 


As a special case, suppose the string is pulled aside at x=a a 
distance 8, and then released. 


Thus f(z) =p when 0 <2 <a, and f(x) =8 


Also F' (x) is zero. 
From (6), we find 


l-a 
Too? When e<r<gl. 


sinh 2 x sinh? (J —a) 
a a 


Ba Bal 
aa ee 2 
ap a(l—a)p sinh? 1 





y= 


_ eee 
B(l-2) Bal sinh 7 «sinh = (/ —) 


y= wt - on 3 9 ax<2<l ...(8) 
p(l—a) a(l—a)p sinh? 1 





' 
We have now to obtain y from 7 -| e~Ptydt. 
0 


Ba 


a 


The term e in (7) obviously gives 
For the other term we use the complex integral and Fig. 2. 

The pole at the origin gives a term -£, and thus cancels the 
Bx 


term from —. 
ap 


* Cf. Jeffrey’s Tract on Operational Methods (2nd ed.), p. 51. 
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Nat ; 
The poles at + i—a, (n=1, 2, ...), give 


l 


261? _ wr, ae nat 
wWa(l—a)et sin 7 x sin T a COs os at. 
Thus we have 
26R 21 


ni nit nT 
= ———.,, 2’ -— sin — 2 sin — « cos— at n0O<2<xa. 
I~ -a)n gn 7 i 1 ——s 


It will be found that (8) gives the same result. 


15. In these sections (9-14) the Operational Method has, I hope, 
been made clearer. The approach through the equation 


2) 
0 (p) -| ety (t) dt 
0 
gives a complete justification * for the subsidiary equations by 
means of which @ is determined. 

A table of Laplace Transforms (or, if the term is preferred, of the 
interpretations of the ‘‘ Operators ”’) will in many cases give v when 
0 is known. The justification for these interpretations is, in fact, 
the complex integral 

1 fetio 
v (t) ==— | eG (A) dA 


207 J e—ico 


It should be remarked that for many purposes it may be better to 
multiply by pe? than e~*'. The equations connecting v and 6 
will then be 


5(p) =p [, ey (t) dt, 


1] fetio ‘iis dA 
and v(t) = x). eto (A) x’ 
and the subsidiary equations will have a slightly different form. In 
this article, however, it seemed better to make the work for the 
partial differential equations correspond as closely as possible to 
that for the ordinary differential equations. 

In further work, which I hope soon to publish, I may modify this 
chewaiion « on 1 these lines, as well as owey it to other fields. H.S. C. 


1194. But under the chalk-ridge worried gunners wrinkled their brows, pote 
exact angles and toiled with decimals, emerging from flimsy shelters . . . with 
logarithmic tables.—David Jones, In Parenthesis, Part 6, p. 136. 

[Per Mr. P. J. Harris.] 


1195. But it isn’t like that for the common run and you have no mensuration 
gear to plot meandering fortune-graph.—David Jones, In Parenthesis, Part 7, 
p. 159. [Per Mr. P. J. Harris.] 


* It has been noticed in § 10 that some additional conditions have been imposed 
onv. This seems unavoidable. See Titchmarsh, Fourier Integrals (1937), 10.6-10.14. 
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CORRESPONDENCE 


CORRESPONDENCE. 


LUDOLPH (OR LUDOLFF OR LUCIUS) VAN CEULEN. 
To the Editor of the Mathematical Gazette. 


Deak Siz,—In the archives of St. Pieter’s Kerk in Leiden, Holland, 
this epitaph is recorded : 


HIC IACET SEPULTUS MR. LUDOLFF VAN CEULEN, PROFESSOR 
BELGICUS, DUM VIVERET MATHEMATICARUM SCIENTIARUM 
IN ATHENAEO HUIUS URBIS, NATUS HILDESHIMIA ANNO 1540, 
DIE XXVIII IANUARI, ET DENATUS XXXI DECEMBRIS, 1610, 
QUI IN VITA SUA MULTO LABORE CIRCUMFERENTIAE CIRCULI 
PROXIMAM RATIONEM AD DIAMETRUM INVENIT SEQUENTEM. 
QUANDO DIAMETER EST 1, TUM CIRCULI CIRCUMFERENTIA 
PLUS EST QUAM 
314159265358979323846264338327950288 
100000000000000000000000000000000000 
ET MINUS QUAM 
314159265358979323846264338327950289 
100000000000000000000000000000000000 ; 
SED QUANDO DIAMETER EST 
100000000000000000000000000000000000, 
TUM EST CIRCULI CIRCUMFERENTIA PLUS QUAM 
314159265358979323846264338327950288 
& MINUS QUAM 
314159265358979323846264338327950289. 


On my first visit to Holland in 1935 I tried to locate van Ceulen’s 
tombstone, in the hope of presenting the Mathematical Association 
with a rubbing of this interesting inscription; but the grave had 
changed hands several times, and the coveted epitaph, if still in 
existence at all, was facing downwards on the underside of some 
stone recording on its upper surface the usual entirely fictional 
virtues of some lesser Dutchman, who employed his leisure in some 
more conventional way than the calculation of 7 by a method not 
far in advance of that which Archimedes had employed eighteen 
centuries before. 

In preparation for a renewed attempt to recover the original 
epitaph, I have lately appealed to Dr. C. de Jong, President of the 
“ Liwenagel ” (Leeraren in Wiskunde en Natuurwetenschappen aan 
Gymnasia en Lycea), roughly the equivalent of our Mathematical 
Association. His answer, I think, will be of some interest to our 
members. 

‘** LEIDEN, 21st March, 1938. 


Dear Mr. Hors-Jonzs, 
It was a great pleasure to me to be able to help you in your 
attempts to discover the epitaph of Ludolph van Ceulen in St. 
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Pieter’s Church at Leiden. With the help of Miss Le Poole I have 
succeeded in finding out some points, which will surely interest you. 
We have discovered that Ludolph’s grave was exchanged for another 
grave by his widow, Dec. 31st, 1610. In the year 1626, Aug. 10th, 
the grave was sold by the Church-masters to Jonkheer Christoffel van 
Sac, and afterwards to Mr. Adriaen van Hogeveen (1718). Accord- 
ing to the archives, Ludolph’s first grave was nr 6 in the ‘ High 
Choir’. Now, after a long search, I have found a piece of a tomb- 
stone there, carrying the number 6, but nothing else. Part of this 
stone has been cut off so as to fit to one of the great pillars of the 
Church, in this way : 








6 


‘|G STONE 





PILLAR 





For this reason I doubt if it will be worth while to turn the stone 
upside-down ; for, in the most favourable case, you will find only 
part of van Ceulen’s epitaph, and certainly not the whole of it. 

I shall be very glad to help you further if you want so. In this 
case I would like you to give me further directions. I regret that I 
shall not be in town during the coming School Holidays. 

Yours sincerely, 
C. DE Jona.” 


It is presumably through some error in the archives that van 
Ceulen’s widow is recorded as having exchanged his grave on the 
same day on which, according to his epitaph, he was “ denatus”’, 
or “ disborn ”’. 

I hope that I may speak for all members of the Mathematical 
Association, not only in passing a vote of censure on the Vandals 
who destroyed such a treasure, but even more in thanking Dr. de 
Jong most heartily for his co-operation in solving the mystery of 
its disappearance. 

Yours truly, 
W. Hops-Jones. 
23rd March, 1938. 


* A WEIGHTY MATTER ”’. 
To the Editor of the Mathematical Gazette. 


Drak Sir,—Mr. Fairthorne’s interesting letter suggests the ques- 
tion why textbook writers tend to hold the Slug in contempt. 1 
believe the answer to be simple, though silly. The name “ slug” 
sounds idiotic and unscientific. If the inventor of the British 
Engineer’s Unit of Mass had called it a B.z.M. he might have secured 
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more respectful treatment in the textbooks. Although one of the 
condemned class who write textbooks, I have much sympathy with 
taking as the fundamentals “the directly perceived qualities of 
length, time and force”’. To do so has one advantage so obvious 
that I have never seen it mentioned. It divides the subjects so 
nicely. Kinematics deals with length and time ; Statics deals with 
length and force; while Dynamics—or, as some would have it, 
Kinetics—confesses itself the most complicated of the three, since it 
deals with length, time and force. 





Yours truly, 
C. O. TuckEy. 


To the Editor of the Mathematical Gazette. 


Dear Sir,—R.C. has written an appreciative and, in the main, 
careful review * of the two volumes of lectures which I published 
in China: Functions of Real Variables and Functions of a Complex 
Variable. He has done a service in calling attention to the error in 
formulating the theorem on p. 93 of the R.V. The Theorem was 
intended to read: “ Every infinite point set contains an infinite 
denumerable point set.” The proof applies to this theorem, and 
after the proof is given, the theorem as stated forms a useful exercise. 
A misprint in the review occurs near the bottom of p. 434; R.C.’s 
equations should read : 


=. 
) > gat 


One other slip occurs near the bottom of p. 435. The explanation 
of a function into a Laurent Series, given on p. 152 of the C.V., 
last line, is general, and is not restricted, as the reviewer asserts, 
to the case that the function has an isolated essential singularity. 

The reviewer’s strictures on my application of Darboux’s Theorem 
to the conformal map defined by the elliptic integral of the first 
kind, C.V., p. 168, are, however, unwarranted. My proof is correct. 
The reviewer points out quite correctly that Darboux’s Theorem 
does not apply without further restrictions to regions that are not 
finite. In fact, in the larger book, Funktionentheorie, vol. 1 (1928), 
p. 400, I gave these conditions explicitly. In the present lectures 
I developed only so much as is needed for the immediate purpose. 
The upper half of the z-plane shall be transformed conformally on 
the interior of a circle, the axis of reals going over in a one-to-one 
manner and continuously into the circumference, and the map 
being continuous on the boundary : 


2’=¢(z2). 
* Mathematical Gazette, vol. XXI (1937), pp. 433-436. 
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The function defined by the integral : 


w=f —— ae — (0<k<l) 
oV(l-#)(1— Re) 
is now considered in this circle : 
w=f(z’). 

Obviously f(z’) is analytic within the circle and continuous on the 
boundary, and it is further shown in all detail that the circum- 
ference goes over in a one-to-one manner and continuously into the 
perimeter of a rectangle in the w-plane. Thus all the conditions of 
Darboux’s Theorem in its restricted form are satisfied for the circle 
and the rectangle. Hence the interior and circumference of the 
circle go over into the interior and perimeter of the rectangle in the 
desired manner. It remains merely to transform back from the 
circle to the half-plane. This completes the proof. 

R.C. now says that the same reasoning would show that the 
function 





| 2 dt 
w= ————S—SSSS— 
oV(1—-#@)(1-R#) 
carries the upper half-plane over into a rectangle, since this function 
also transforms the axis of reals in the z-plane in a one-to-one 
manner and continuously into the axis of reals in the w-plane. True, 
but the other condition, namely, that this function of z be analytic 
in the upper half of the z-plane, is not fulfilled ; for at the point 
z=w, where w=e?"#/3, this latter function has a branch point. Thus 
the example which is cited to confound my proof fails to fulfil the 
conditions of the theorem. 

Very truly yours, 

WiLu1aM Foaa Oscoopn. 
Harvard University, 
2nd February, 1938. 


THE ASSES’ BRIDGE. 
To the Editor of the Mathematical Gazette. 


Srr,—When one recalls early youth it brings thoughts of a Society 
for the Improvement of Mathematical Teaching. One might begin 
from the Abacus as operated by a governess ; or from the multi- 
plication table which, when one thinks of it, is a far more complex 
table of double entry than most of such tables in the modem 
advanced mathematic, yet somehow we all, whether clever or dull, 
had to conquer it. But the famous Asses’ Bridge has special claims. 
One remembers that in improved Euclids it was simply abolished by 
the device of turning over the isosceles triangle in space like a pan- 
cake so as to cover itself upside-down. Yet that was hardly respect- 
ful to the great Greek originals : and indeed it shocked the purists. 
But why was it forbidden? Euclid has now disappeared, gone out 
of sight like the other texts, mostly more concise, once provided for 
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us by the great mathematicians of the past, and perhaps nobody 
outside the profession knows what has taken their place (except 
possibly the technical schools which are effective practically). But 
one apparently obtains the following account from one of the 
amended Euclids that formed an intermediate stage in the tran- 
sition. Prop. V, the famous Asses’ Bridge, depended vitally on 
Prop. IV, which asserted that when two triangles have two pairs 
of sides equal in length each to each and the angles contained by 
them equal they can be moved, presumably by sliding, into exact 
superposition. But the imperfectly informed is tempted to ask the 
question : Can they? or may it not be necessary to turn one of 
them over? which is just the forbidden operation in space that is 
foreign to self-contained congruence. And this, if it really be so, 
vitiates the Asses’ Bridge which essentially hangs on to it, so that 
Euclid himself cannot evade consideration of this idea of turning 
over in the outside space. In fact, may it be that an angle ACB 
is essentially a different one from BCA in that it is affected by a 
different sign? Here one seems to approach the domain of trigo- 
nometry. Again, if two triangles have all three corresponding pairs 
of sides of the same lengths, each to each, they need not be capable 
of sliding in their plane into superposition : to that end the signs 
of the angles of the triangle must be all the same, say positive : 
perhaps trigonometry escapes this ambiguity. The upshot is appar- 
ently that for consistent doctrine a fundamental direction of positive 
angular rotation in the plane of the geometry must be specified, 
after the manner of a corkscrew.* And, indeed, when one thinks of 
it, has Euclid with all his rigour attained to any proof that a con- 
sistent frame of uniform geometry subsists at all, one which is the 
same from whatsoever standpoint or origin it is surveyed? Or does 
he merely have to assume its existence, and develop the conse- 
quences, the number z and all the rest of them, secure so long as 
he discovers no internal contradiction. Perhaps Pascal, who is said 
to have re-discovered Euclid for himself, entertained such ideas as 
these. Here our learner if enterprising can hardly keep himself 

* This principle of rotational quality has been dealt with by the chemists, in 
their own way, ever since the early days of Pasteur, and doubtless they will derive 
still further fruit from it. It applies to geometry on a spherical sheet still more 
emphatically : a spherical triangle cannot possibly slide, nor even be turned over, 
into coincidence with its opposite or polar triangle. Illustrations by extensions of 
this kind into cognate domains would possibly make the discussions on the 
philosophy of elementary geometry less difficult to follow. In its own domain 
Hilbert’s tract is perhaps still the best guide for the specialist explorer of founda- 
tions. In the days before the Great War the Board of Education published under 
German international influence a series of volumes of essays on elementary mathe- 
matical education which are doubtless still to be found. Nowadays centralisations 
are illustrated by the different English and Scotch geometries, referred to in the 
recent extensive publications of the Gazette which came to hand after this letter 
was forwarded. Half a century ago there was more freedom for local centres of 
education, and general education was pursued at the Universities. One notices 
the recent remarks of an experienced immigrant on the present isolation (in the 
public schools and universities) of English mathematical education from physical 
science, which is in so marked contrast with one’s memories. 
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away, in the course of his trigonometry, from Riemann’s modern 
plane, unusual and fruitful and thus mysterious, consisting of 
several interconnected sheets—unless he takes refuge from origin- 
ality in the complications of algebraic analysis provided for him in 
the texts. And what of consistent measures of time in view of 
astronomical light-ranging with Bradley’s finite speed of light? 
The Improvement and Vivification of Mathematical Teaching surely 
sets an urgent problem! 

Another phase of this subject is set by a conundrum once pro- 
pounded to the writer from a ladies’ school, where it had made a 
great sensation, as indeed it did when expounded to him for advice. 
The argument proved irrefragably a geometrical result that was in 
common sense quite wrong : so what was to become of the faculty 
of human reasoning? The key to the paradox proved to be that 
though the reasoning employed was right, the diagram on which it 
was based was wrong. If it is drawn so that an essential point P 
of it lies on one side of an essential line AB, then all is well; but 
if by bad drawing it is put on the other side, then everything may 
be upset. Euclid had an adequate notion that in his own simple 
domain his diagrams should be verified : but what of more complex 
cases like the one that so intelligently disturbed the ladies’ rational 
atmosphere? 

With the suitable hesitations the writer must present himself as 

Diwascvu.vs. 


GEOMETRY REPORT. GEOMETRY IN SCOTLAND. 
To the Editor of the Mathematical Gazette. 


DEAR Str,—May I draw your readers’ attention to what I think 
is an important mistake (so far as Scotland is concerned) in the 
excellent new Geometry Report. 

On p. 183, in the Appendix on “ Geometry in Scotland ”’ it is 
stated that, for the Scottish Leaving Certificate Examination, ‘ This 
geometrical strictness makes it necessary to prove Euclid VI. 1, as 
in Luclid ...” and there is a footnote explaining that this involves 
using the definition of proportion which Euclid used. But the 
compiler of the Appendix seems not to have noticed an asterisk in 
“Education (Scotland) Note as to Mathematics ”’, on which the 
Appendix is based; that asterisk seems to refer to a footnote 
which says that the fact (Huclid, VI. 1) should be thoroughly known, 
but formal proof will not be required in examinations. 

May I also point out that the page headings give no help to the 
reader trying to look up anything in the Report. Anyone reading 
the Report does not wish to be reminded of its title on nearly every 
page. I would suggest giving on the left-hand page the title of the 
section, and on the right-hand page subtitles (as given on pp. v, Vi 
of the Report). Could not this be done when the Report is reprinted? 

Yours truly, 
A. W. Srppons. 
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MATHEMATICAL NOTES. 


1293. On Note 1261, “‘ A curious rectangle.” 


Solutions to this problem were received from the following : 
T. C. Batten, F. C. Boon, W. L. F. Browne, ‘‘ Cartesian,” G. E. 
Chappell, R. H. Cobb, C. T. Daltry, F. W. Dobbs, I. M. H. Ether- 
ington, D. B. Eperson, I. Fitzroy-Jones, P. J. Harris, 8. Inman, 
T. C. Jolliffe, S. MacNiocaill, E. A. Maxwell, F. G. Maunsell, J. W. 
Mercer, E. H. Neville, E. Phillips, R. S. G. Rutherford, E. V. 
Smith, H. V. Styler, L. H. Trist, C. O. Tuckey, A. G. D. Watson, 
and the Rt. Rev. the Bishop of Kootenay. 

The majority of the solvers applied the extensions of Pythagoras 
or the cosine formula to the calculation of the radius of 5. Others 
used the converse of Pythagoras to show that the angles at B, C, D 


are all obtuse, right, or acute according as the radius d 21. Several 


writers proved the converse of the problem by completing the 
rectangle ABCD and showing that a circle, centre D, can be drawn 
to touch «, 8, y; this method, as someone admitted, might appear 
somewhat crooked to a fifth form. There appears to be no direct 
proof, not involving algebra or trigonometry, which would be 
understood by the average fifth-former, though Prof. Neville in- 
dignantly maintains that a boy who could not follow his proof 
ought not to be doing mathematics at all! (See Note 1294.) 

The calculation of the radius d is an easy exercise in inversion, 
and also follows from Prop. 9, Cor. 1, in Section IV of Book VI in 
Casey’s Sequel to Euclid. This last result, due to Pappus, is dis- 
cussed in Sir T. L. Heath’s Greek Mathematics ; the basic figure 
being known to the ancients as the apByAos or shoemaker’s knife. 





In addition to giving an elementary proof, T. C. Jolliffe deduced 
d from the following theorem, stated, he says, by Prof. F. Soddy : 
If four circles are mutually tangent, then 


(el) ez 
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In this case 


a\* a’ 
(-1 +243+9) =2(1 +44+9+5), 
whence d = ja or 4a, corresponding to f and 8. 

I should like to take the opportunity of thanking all those who 
sent in solutions and comments. The problem evidently appealed 
to a wide variety of tastes, and the response suggests that a regular 
series of not-too-difficult questions would be welcomed. A. P. R. 


1294. “‘A curious rectangle.”’ (Note 1261; Gazette, vol. X XI, p. 412.) 


The problem is to explain why, with the circles touching as shown 
in the figure, ABDC is a rectangle. Verification is immediate, for 
if the largest radius is taken as 6a, and if D is the fourth corner of 
the rectangle DAC, then AD = BC =5a, and 


6a - AD = BD -3a=CD - 2a. 


But it is the direct proof that is interesting. 

In the classical construction for circles touching three given 
circles, the centres of similarity of the circles taken in pairs play a 
leading réle. In general the two centres of similarity of a pair of 
circles are not distinguishable organically, but if the circles touch, 
one centre of similarity is the point of contact, and the other, 
which we will call the latent centre, can be handled separately. If 
three circles touch in pairs, there are only two circles which touch 
them all, and the points of contact of these two are given by the 
simple theorem : 

If three circles «, B, y touch in pairs, and if two circles touch each of 
them, then the points of contact of these two circles with « are the points 
of contact of the tangents to « from the latent centre of similarity of B 
and y. 

Let us denote by «, B, y the circles in the figure whose centres 
are A, B, C. The latent centre of similarity V of « and y divides 
AC in the ratio 3:1; thus AV =3a, and since this is the radius of 
B, the relevant tangent from V to 8 is parallel to AB, and the cor- 
responding radius of f is parallel to AC. Similarly the latent 
centre of similarity of « and f is the point W in AB such that AW 
is the radius of y, the relevant tangent to y is parallel to AC, and 
the corresponding radius is parallel to AB. 

Our problem is solved, but we can learn more about it by drawing 
the whole of the figure suggested by our general theorem. We 
notice that the second circle touching «, 8, y is already present, in 
the second circle of radius 3a. We denote this circle by « and its 
centre by EH, the points of contact of 5 with a, B, y by A,, B,, C,, 
the points of contact of « with «, B, y by A,, Bz, C,, and the points 
of contact of 8 and y, of y and «, and of « and 8 by P, Q, and R; 
the other points lettered are U, the latent centre of similarity of B 
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and y, and O, the radical centre of «, 8, y; B, coincides with the 
centre A. 
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The figure abounds in collinearities and concurrences which illus- 
trate the elementary theorems on contact and centres of similarity, 
and can be verified with the greatest ease. 

The three latent centres of similarity U, V, W and the three 
patent centres of similarity P, Q, R of the circles «, B, y are the six 
vertices of a quadrilateral whose diagonal triangle is ABC. 

Since 8 and y are touched by 8 and by e, the lines B,C, and B,C,, 
as well as the tangents at A, and A,, pass through U. Similarly 
C,A,, C,Agq, and the tangents at B, and B, pass through V, and 
A,B,, A,B, and the tangents at C, and C, pass through W. 

Also since «, 8, y are touched by 8 and e, the lines A,A,, B,B,, 
C,C,, as well as the tangents at P, Q, R, pass through the radical 
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centre O. Perhaps the most familiar of all theorems on this subject 
is precisely this, that if A,, B,, C, are points of contact of «, B, y 
with one circle which touches them all, then the second inter- 
sections of «, 8, y with OA,, OB,, OC, are points of contact with a 
second circle which touches them all. This theorem alone can be 
used for the construction of 5, since O is identifiable immediately as 
the intersection of the tangents at Q and R, and the positions of 
A,, B,, C, are known; the position of B, is obvious from this 
construction, and it is easy to verify that CC, is found to be parallel 
to AB. 

The intersection of the tangents VB,, WC, and the intersection 
of the tangents VB,, WC, lie on OP ; the intersections of WC,, 
UA, and WC,, UA, lie on OQ; the intersections of UA,, VB, 
and UA,, VB, lie on OR. Of these six intersections, one is at 
infinity, and the other five are seen in the figure but are not lettered. 

There are three coincidences in the complete figure: the two 
lines UQR, UB,C, are identical, so are the four lines VC,A,, VC,A,, 
OC ,C,, OA,Az,, and the lines OP, AA, happen to cross on the line 
QR. 

It is impossible to say when the ‘ curious rectangle’ was first 
noticed. Steiner (Crelle, i, 266 (1826) ; Ges. Werke, i, 54) recognises 
it explicitly, in the course of an account of some theorems given by 
Pappus (Collectio, iv, pr. 12-18). The actual rectangle is not men- 
tioned by Pappus, but since it is the very simplest example of a 
general configuration discussed by him in great detail, its shape 
must, one would think, have been the subject of comment centuries 
before Steiner revived interest in a theorem which Pappus already 
called dpyata. 

The setting utilised in this note is entirely different from that in 
which the “ancient theorem ” of Pappus shines so brightly. I have 
not been able to find the first theorem enunciated, either as a 
corollary or as an example, in the textbooks I have consulted. It 
is included in a theorem given by Lachlan (Modern Pure Geometry, 
242), which may be expressed in the form : 


If the polar of the radical centre of three circles « B, y for the circle a 
cuts an axis of similitude of «, B, y in F, the points of contact of tangents 
to « from F are the points of contact with « of two circles which touch 
a, B, y. 

If « touches 8 and y, the polar of the radical centre for « neces- 
sarily passes through a centre of similarity of 8 and y ; if 8 touches 
y, this centre must be the latent centre. But the theorem I have 
used belongs to a much more elementary field than the classical 
theorems on circles touching three arbitrary circles, and should not 
be regarded purely as a degenerate case of a general theorem. 


E. H.N. 


1295. A question in conics. (See Gazette, XXII, p. 82.) 
Given a point P and a single conic 2, let w be a variable line 
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through P, let U be the pole of w, and let / be the line through U 
perpendicular to u. Then Chasles’ parabola is defined in the first 
place as the envelope of J. Since the pole LZ of / is on u, we may 
say alternatively that / is a line such that the perpendicular to / 
through the pole of Z passes through P. 

(1) The locus of the poles of / for a family of confocal conics is a 
line perpendicular to 1. Hence if L is the pole of / for one member 
of the family, the line through L perpendicular to / can be identified 
as the pole-locus for the family, and to say that this line passes 
through P is equivalent to saying that there is one member of the 
family for which P is the pole. That is, the parabola is the envelope 
of the polars of P for the family. 

(2) The locus of the poles of / for a four-tangent family of conics 
is a line v. If the family includes a circle 4 round P, the line v 
passes through the pole of / for 4, and therefore passes through P 
if and only if it is perpendicular to 1. That is, in this case the con- 
dition that / touches the Chasles parabola for an individual member 
of the family is identical with the condition that the pole-locus of / 
for the family passes through P. Hence P has the same Chasles 
parabola for any two members of the family. 

Incidentally we have shown that 


If the common tangents to two conics x’, X” circumscribe a circle A, 
then the common tangents to any two conics of which one is confocal 
with &” and the other confocal with 2” circumscribe a circle which is 
concentric with A. 


Lastly it should be said that the whole of this problem is an 
elementary exercise in the use of line coordinates, and as such 
should be easily within the reach even of pupils to whom the range 
of geometrical ideas is completely fresh. K. H.N. 


1296. A note on Pythagorean numbers. 
The general solution in positive integers of the equation 
POPS ninninniiominiminin (i) 
is x =A(m* —n*), y=2Amn, z=A(m? +n?) (cf. Chrystal’s Algebra, II, 
Ch. xxxv, § 3, Ex. 5), and it is well known that this will give any 
number of right-angled triangles whose sides are commensurable. 
The object of this note is to point out that from any single solution 
of (i) any number of, and in fact all solutions, may be derived by 
a simple process requiring only addition and subtraction. In fact: 
If p? + q? =r?, then (p — 8) + (q —8)® =(r — 8)? whens =2(p+q-—7). ...(ii) 
This is true since (p—s)?+(q-—8)?—(r—s)? 
=p" +q? —r? —2ps — 2qs + 2rs +8? 
=8(-2(p+q-r)+8). 
This expression vanishes for the given value of s. Thus if one 
solution of (i) is x, =p, y, =q, 2,=17, another is 
Lg=P-8, Yg= 7-8, 22=7-8. 
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It is clear that if we set out to derive a new solution x,y,z, from 
XeYo2q, in the same way we get back to x,y,2,. 

For 8 =2(%.+ Yq —2_) =2(p+q-—r—s) = -8, 
and 80 #,=%,-8' =p-8+8=p, ¥3;=q, %3=r. If, however, we 
change signs fresh solutions are obtained from + 22+ Y2». 

It is interesting to see how from the simplest solution p=1, 
q=0, r=1, others are successively derived. 


p q r 8 p-8s q-8s fr-s 
1 0 1 0 1 0 1 
-1 0 ] -4 3 4 5 
3 4 5 4 -1 0 1 
-3 4 5 -8 5 12 13 
-3 -4 5 — 24 21 20 - 29 
3 -—4 5 -12 15 8 17 
-5 12 13 -12 7 24 25 
-5 -12 13 — 60 55 48 73 
5 -12 13 —40 45 28 53 
-15 8 17 -48 33 56 65 


The set (3,4, 5) gives three new different sets (5, 12, 13), (21, 
20, 29) and (15, 8, 17). Each of these gives three more, and so 
on, until quite unfamiliar groups like (171, 140, 221) are quickly 
obtained. 

Reverting to the original notation and taking p, q, r as positive 
integers with no common factor, we see that r must be odd. Also 


r? — (r —8)? =s(2r —8) =4(p+q—-r)(2r —p—q). 
Thus r? —(r —s8)? is an even positive integer. 
Hence r, =| r-8| is an integer at least two less than r. 
Repeat the process and we find 


T,=| 71-8, (<1), 
T3=|1%2-82|<1o, 


and so on. The process terminates when r,=1, and this must 
occur after not more than }(r—1) steps. 

Moreover, since p,,? + q,2=1,7, Pn» Yn must be 0, 1 or 1, 0. 

If the process is reversed, then with the appropriate changes of 
sign we can derive p,q, r from the solution (1, 0, 1); that is, any 
solution may be derived from the simplest. 

It should be noted, however, that a given r may be reached by 
more than one chain of operations, though with different values 
of p, q. 

Thus with 5 links in the chain from (1, 0, 1) we reach (171, 140, 
221), but by a different choice of signs we can get (21, 220, 221) 
with 10 links. 

The formula of this note was found by using the method of 
Mr. J. Strachan’s ‘“‘ Note on Cubes ” (No. 1187). 

The same method is applicable when there are more than three 
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variables, and it is easy to construct a general formula. The solution 
of 
PEPSI  ciiciicnuniiviiniaaaal (iii) 


will sufficiently indicate the method. 

It is easily verified that 

If (x1; Yy, 2; t;) ts a solution of (iii) so is (x, -8, y, — 8, 2, —8, t, —8) 
where 8=2%,+Yy,+2,-t. 

The solution (—1, 0,0, 1) is obvious and may be used, as before, 
to get any number of fresh solutions. A single solution may lead 
to as many as 8 different ones by taking (+2, +y,, +%, #) 
in all possible combinations. One example will suffice. From 
2? +37 +6?=7? we get 

224 124+2?=32 (+ + +) 
23+ 327+6%=7% (- + +) 


4? + 37 +122?=13% (- - +) 
10? + 157 +6?=19? (- + -) 
16? + 15? + 122 =25? (- - -) 

474124+8?=97 (+ - +) 

167 +11248?=21? (+ - -) 


10? +112 +2?=15? (+ + -) 


The formula is clearly useful for constructing sets of rational 
direction cosines. B. E. LAWRENCE. 


1297. On Note 1258. 


With reference to Mr. H. Orfeur’s suggestion (Note 1258, Gazette, 
December 1937, No. 247, p. 409) that ‘‘ two interior angles on the 
same side of the transversal” should be called “ collateral”, I 
believe I am right in saying that the word “ co-interior”’ is used 
by many teachers and that it is accepted by examining bodies. 


Pp 


— Q 


S 


I would suggest, and this suggestion is by no means original, that 
as the angles at Q and R in the figure could be referred to as Top 
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Right, Bottom Right, Top Left and Bottom Left, we might define 
alternate angles as angles of opposite description and corresponding 
angles as angles of the same description. These definitions would 
fit in with the definitions usually given, with the addition that AQP 
and SRD would be alternate angles. As these angles are equal 
when AB and CD are parallel, there seems to be no reason against 
the adoption of these definitions. 

I certainly believe that they would prove helpful in teaching, 
and I would like to hear other people’s views on the matter. 





T. C. Barren, 
“Two interior angles on the same side of the transversal ” have 
been named “ co-interior angles”. This adjective is used in The 


New Geometry by A. Symon, published by Robert Gibson & Sons 
(Glasgow), Ltd., in 1928. Symon also uses “ co-exterior angles ” 
for ‘‘ two exterior angles on the same side of the transversal ”’ and 
states (p. 26, footnote) that both terms first appeared in A New 
Geometry for Schools by G. Lawson, published in 1914. Another 
footnote on the same page mentions that “ allied” has been sug- 
gested for “‘ co-interior ”’. 
One feels that “allied ’’ is weak, that “‘ co-exterior ”’ is unneces- 
sary and that “ co-interior ” is more helpful than “ collateral ”’. 
J. BUCHANAN. 


It has long been the custom in Hymer’s College to replace the 
phrase “‘ two interior angles on the same side of the transversal” by 
the word “allied”. This word is introduced in Forder’s School Geo- 
metry, on page 30, and seems to me to be much preferable to the 
word suggested. Its advantages are obvious : shortness, simplicity 
and the very suggestiveness of the word. Boys rarely forget the 
fact that allied angles are angles on the same side. W. E. Eaner. 


For many years I have used “allied angles” for “ interior 
angles on the same side of the transversal”’. I think this better 
than “ collateral angles ’’, for obvious reasons, not the least being 
that “ allied ”’ is a “ nicer ” word. 

I think, however, that the Mathematical Association might 
suggest the term they consider the best for universal use. 

W. A. Gitmovr. 


I have, myself, been using the adjective “ co-interior ”’ for these 
angles, and while agreeing with Mr. Orfeur that a single adjective is 
needed, I think “‘ co-interior ” is better than the one he suggests. 

From the etymological point of view “ collateral ’”’ might equally 
reasonably be applied to ‘‘ corresponding” angles. I find that 
“* co-interior ’’ helps pupils to remember the angles are between the 
two ‘ non-intersecting ’ lines, while the prefix “co-” is enough to 
emphasise that the angles are “ together ”, i.e. on the same side of 
the transversal. My pupils have sometimes correctly but unneces- 
sarily introduced the term “ co-exterior ”’ in their scripts. 

G. W. Wasp. 
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A textbook of school geometry, published by Chambers, 1914, 
introduced the word co-interior for interior angles on the same side 
of the transversal. A geometry published by Gibson adopted the 
word. Other books use the word allied. The 1914 textbook also 
proposed a rule for co-exterior angles; another name it coined was 
n.H.S., for the right-angle-hypotenuse-side congruence, a name used 
in a recent review in the Gazette. In 1914 the name R.H.s. was 
savagely objected to, because it meant Royal Horticultural Society 
to the critical reviewer. G. Lawson. 


1298. Interpolation extraordinary. 


Given a four-figure table of sines, at interval one-tenth of a 
degree, with what accuracy can an angle be calculated by linear 
interpolations, if its sine is given? 

Since the first differences range from 17 to 12, the obvious answer 
is that the second decimal in the expression of the angle in degrees 
can usually be given with some confidence, but that nothing further 
could be expected. For example, if sina=3/5, then reading 
sin 36°-8 = 0-5990, sin 36°-9 =0-6004, since 4/14 =0-29, we feel fairly 
sure that « =36°-87, to this order, but we know that it would be 
absurd to suggest 36°-871, and we can see that in some cases the 
second decimal would be dubious. 

We have, however, in succession : 

2a= 90°-£, where sin 8 =7/25 and B = 16°-26, 

4a =180° —y, where sin y = 336/625 and y =32°-52, 

8a =270° +8, where sin 6 = 164833/390625 and 5 =24°-96, 
and so on. There is no accumulation of errors or diminution in the 
accuracy of the angle read from the table, and therefore the accuracy 
with which « is determined increases without limit. Actually, to 
12 places, « = 36°-869897645844. 

This theoretical result does not depend on the interval or number 
of figures in the table used. We can evaluate an angle from its sine 
with arbitrary accuracy if only we know the values of sin 0° and 
sin 90°. EK. H.N. 


1299. “‘ A problem in algebra.” 


With reference to Note 1270 (Dec. 1937), the difficulty of 
demonstrating that “ saturation ’”’ must occur appears to lie in the 
absence of an easily formulated rule by which the combinations are 
formed. Instead of Mr. Pears’ scheme, I choose, for reasons stated 
later, the following rule. To determine the number z which is to 
be associated with the pair x, y first express these in the binary 
scale. All digits are 1 or 0. In any place where z, y have the same 
digit, z is to have 0; in any place where z, y have different digits, 
zis to have 1. 

Eg. if x =37 =100101 in scale of 2 
and y=23=010111 _,, ‘és 
then 2 =110010 __,, - 
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It is now clear that saturation is provided for, with 2" — 1 numbers, 
The number 2-1 has r digits, each 1. Fill the r places in any 
manner with 0’s and 1’s. Choose any different pair of such numbers, 
excluding zero; then the rule given determines a third number, 
different from either and itself <2’-1. The relationship between 
x, y and z is symmetrical and may be expressed in the form: in 
every group of three numbers, each of the r places must be filled 
with three 0’s, or two 1’s and one 0. 

The number of groups is 

1 


3 F 2m—-1 C2, 


since if we take all possible combinations of the numbers from 1 to 
2" —1 two at a time and complete the group by the above rule, we 
obtain each group three times. This result agrees with Mr. Pears’ 
formula and may be completed, as in his note, for n =2"+ K. 

The considerations leading to the rule for the formation of a 
group may be of interest. Form the combinations by the rule that 
at every stage each element of a group is to be the smallest possible. 
We obtain the sequence: 123, 145, 246, 356, 167, 347 ; 189, ete. 

In any of its six permutations call a group xyz, and tabulate by 
writing the number z at the point whose coordinates are (x, y). We 
have 


Values of x 
- 123 45 67 
1-325 47 6 Fill the empty diagonal 
Values 23 - 167 4 5 with zeros. 
of y 321-765 4 
4567-1 2 8 Each combination ap- 
5 4761- 3 2 pears six times. 
6745 23-1 
76543241 - 


This array may be defined as follows. [A,] is a matrix of 2’ 
rows and columns. 


Or... 
[Arya] -(5r4'| where [B,]=[4,] sf. ] 


and A, is 0. 

Now, to find the z of a given pair (x, y) we move from the origin 
to that point. A first stride from (0, 0) to (O, y) is followed by steps 
of 2” to the right, each step requiring the addition or subtraction 
of 2”, according as we pass from an A square to a B square, or the 
reverse. (In respect of the differences between elements the A, B 
pattern is indefinitely repeated for every suffix.) 

Let w=2°+2P +... S>B> 
and y=a.2°+b. 28+... a, b, etc., > 0. 
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Then the successive steps 2%, 2°, etc., are from an A to a B, or the 
reverse, according as a, b, etc., are even or odd. 


Hence z=y + (—1)92%+(-—1)92F +... . 
This formula is the rule given in the first paragraph. 
C. G. PARADINE. 


[A similar solution was received later from Prof. P. K. Kashikar, 
Wilson College, Bombay. 


See also Prof. Kashikar’s note.] 


1300. On Note 1270. 


I have had an opportunity to see some notes from a book of 
Laboratory Tables (in preparation) by Prof. R. A. Fisher, F.R.S., 
and Mr. F. Yates. From these it appears that Mr. Pears’ formula 
does not give the maximum number of groups when 7 is not of the 
form 2" - 1. 

In the scheme on p. 422, the groups when once formed are not 
supposed to be altered when new numbers are introduced ; but if 
we change the groups every time, so as to make their number a 
maximum, then saturation can occur for several values of n which 
are not of the form 2’-1. Thus for n=13 we get the following 
twenty-six saturated groups: 1-2-3, 1-4-5, 1-6-7, 1-8-9, 1-10-11, 
1:12:13, 2-4-9, 2-5-13, 2-6-11, 2-7-10, 2-8-12, 3-4-8, 3-5-10, 3-6-12, 
37-9, 3-11-13, 4-6-10, 47-13, 4-11-12, 5-6-8, 5-7-12, 5-9-11, 6-9-13, 
78-11, 8-10-13, 9-10-12. 

The number of groups obtained from Mr. Pears’ formula is 22. 

This example is taken from the proofs of the book mentioned 
above, which also contains the solution of certain other allied. 
problems of a more general nature. 

P. K. KasurKar. 


1301. The real points of intersection of two conics with one focus in 
common. 


It has been pointed out by C. Fox (Gazette, XV, pp. 486-7, Dec. 
1931) that if we wish to find the points of intersection of two conics 
whose equations are 


C tecunl 
r 


, 


a1 OF GOH, wnrciniciieniinanemaaal (A) 


we get only two points, the apparent paradox being due to the fact 
of the existence of the alternative forms 


a —1+ecos 8, 
r 


= PROP GB ME. cctaivniiinitianiananian 





298 THE MATHEMATICAL GAZETTE 


If both conics are ellipses or parabolas, then r is always positive 
in the forms (A) and negative in the forms (B). Hence the points 
given by combining an A-equation with a B-equation are imaginary. 
Also (as noted by Fox), the two B-equations give the same points 
of intersection as the two A-equations. We get the following 
theorem: ‘ If two conics with a common focus meet in four real 
points, one at least of them must be a hyperbola.” This theorem 
can also be easily proved by point-reciprocation. F. G. MaunseE xt, 


1302. Concerning Note 1259 (Dec. 1937). 

If the first two numerical fractions starting the first equation are 
denoted by n/d, n’/d’ and the right side by 3. 

The condition necessary for the two methods to give the correct 
** answer ” is 


5? nn’ dd’ =(n -—n’)?(d-—d’)?. This is satisfied. 


Moreover, when the numerators and the denominators have the 
same ratio, say A, the condition simplifies to A+1/A=8+2. This 
also holds in the particular case cited. H. Orrevr. 


1303. On C. N. Srinivasiengar’s note on singularities of plane 
curves given by parametric equations (Math. Gazette, 21 
(1937), p. 276). 


Mr. Srinivasiengar has at times mistaken my meaning in his 
reading of Hilton’s Plane Algebraic Curves. In that book the dis- 
tinction between “ordinary” cusp and “tacnode’’, ‘‘ rhamphoid 
cusp ”’, etc., is quite clearly drawn. For instance, I may refer him 
(in the second edition, Clarendon Press, 1932) to pages 45 (bottom), 
51, 52 (Ex. 2), 78 (bottom), 79 (Ex. 1), 116 to 119, 132 (Ex. 3), 136 
(line 8, “‘in general’), 141 (Ex. 22), 155 (Ex. 7). It is true that 
“‘ cusp ” is often used in the sense of “ ordinary cusp ” or “ ordinary 
superlinear branch of order two”; but such an abbreviation is 
inevitable in the interest of brevity, and the occasions on which it 
is employed are reasonably clear from the context. 


Haroup Hixon. 
1304. “ Why all this fuss ’’ about methods? 
From two examination scripts (Dec. 1937) : 


(a) QuEstion.—“‘ The value of a house depreciates by 25% in 
three years. Find the value of a 1934 house which cost £735.” 


SOLUTION : 
** Value of house was £735 in 1934. 


Find 25% in 3 years =735 x a x3 


=£551 5s. Ans.” 
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tive (b) QuEstion.—“ Make out a bill for the following: } st. flour at 
ints 2s, 10d. per stone ; 23 Ibs. lard at 10d. per lb. ; 3 lbs. sugar at 34d. 
ary. per lb. ; 6 boxes matches at 7d. per doz. ; and 4 pkts. Lux at 2}d. 
ints | per pkt.”” (Answer, 4s. 83d.) 

ying 





real SOLUTION : 
rem 8. d. 
ELL. “1 st. flour at 2 10 

2% Ibs. lard at 10 

3 lbs. sugar at 3} 
are 6 boxes matches at 7 

4 pkts. Lux at 24 
rect 

4 8? Ans.” 
G. L. Bracu. 

we 1305. On Notes 1262 and 1263. 


This Very similar methods appear in Mathematics by C. A. Laisant, 

uk. published in 1913 by Constable & Co., Ltd., in a series entitled 
“Thresholds of Science”. Laisant proves all three results by using 

lane diagrams of cells, without putting numbers in the cells, as is done 

, 21 | in Note 1262. He does not give the beautiful method of obtaining 
identity (1), Note 1262, but does show, by the familiar method of 

his  gnomons, that 

dis. m?=14+34+54+7+...+(2n-1). 


hoid He uses this to build up his diagram for obtaining S,. 
him He also gives the multiplication table as in Mathematics for the 


= Million, and states its connection with the result that S,=S,?. 
that J. BUCHANAN. 


aeny 1306. Note on Gleaning 1153 (Gazette, XXI, No. 245, p. 278). 


h mt I feel that the pupil who produced this possibly had something 
"| rather sound in his mind. Was he not trying to prove that the 
| triangle ABC was congruent with its own mirror image? He 
TON. | might have made it more obvious what he was out to do, or rather, 
what was his plan of attack : but it seems to me to be perhaps not 
80 foolish as it looks at first sight. C. DupLey LANGFORD. 
<a 1307. T'rigonometrical tables. 
fy in 


I find that there is a certain amount of difficulty for pupils in 
reading the cosine tables, as the differences have to be subtracted ; 
even the good pupils forget on occasion and make slight errors. 
This liability to error can be completely obviated if these differences 
are printed with minus signs ; there is then no need for explanation 
at the top of the page. I find that the pupils prefer it so ; in fact, 
they make the necessary alterations for themselves. I make a plea 
that this change be made in both cosine and logarithmic cosine 
tables intended for use in schools. A. G. ALLENDER. 
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REVIEWS. 


The Principles of Mathematics. By Bertranp RussELL. Reprint, with 
new introduction. Pp. xxxix, 534. 18s. 1937. (Allen & Unwin) 

Old-fashioned literary men often advise the young, when a new book is 
published, to buy an old one. This advice is rarely good in the mathematical 
field, but in the case of Russell’s Principles it is superfluous. Those who, 
like the reviewer, studied its first edition, long since out of print and impossible 
to obtain, and learned from its pages what was the real nature of mathematics, 
owe to it a debt hard to overestimate. It was first published in 1903, and 
most of it written in 1900, when Peano’s symbolism was taking its final 
form. It is difficult for those who met this symbolism in their formative years 
to realise the miserable state of the human race before its invention. 

The present edition is an unchanged reprint, with a new ten-page introduc- 
tion by the author. The book itself is so well known that a description of its 
contents is unnecessary ; I will merely remind the reader that besides a dis- 
cussion of logic and of such things as order, continuity and transfinite numbers, 
it also considers geometry and mechanics. It was, of course, a preliminary 
attempt on the problems afterwards dealt with in the Principia. 

The introduction mentions the assaults on the logistic position (that of the 
Principles and the Principia) by the Formalists, led by Hilbert, and the 
Intuitionists, led by Brouwer. Russell points out that Hilbert’s method is 
incapable of giving a definition of the natural numbers, for many things 
besides these satisfy Peano’s axioms. This is, of course, true, but Russell's 
(or Frege’s) definition of natural number does not seem as definite as one 
would wish. This definition states that a natural number is a class of equi- 
valent classes; thus 12 is the class of those classes equivalent to the class 
“apostles”. But are we to take all the classes that exist now, or all that have 
been and will exist? In the first case the number 12 is perpetually changing, 
and in both cases it seems as hazy and indefinite as the class of all classes. Is 
not this definition, from the standpoint of practical thinking, subject to objec- 
tions similar to those made to the definition by abstraction? It leads also 
to the conclusion that, if n is the number of things in the world, then n + 1=0, 
Surely a theory with such a consequence is difficult to accept. 

The danger to logistics of the formalist theory seems to lie in the methods 
rather than in the results of that theory. The two theories are concerned with 
totally distinct problems. Russell seeks to derive all mathematics from logic 
by logic; Hilbert is concerned with such problems as the consistency and 
decisiveness of a set of axioms viewed formally. It would seem that the 
formalist treatment sometimes creeps into the Principia. Half-way through 
the first volume of that work, an ordinal couple is defined, that is, a pair of 
things (a, b) which is to be distinguished from (b, a), when a, 6 represent 
distinct things. Now in Principia, I take it, all the symbols mean something, 
they are not empty signs; the book could have been written in English, if 
that language would have borne the strain. Now in spite of the fact that 
ordinal couple is defined so late, the notion is wsed much earlier, when, for 
instance, the proposition ‘‘ If p implies g, then not-g implies not-p ”’ is stated. 
Here the symbols “p”, ‘‘q’’, which are themselves things, together form an 
ordinal couple. This use of an ordinal couple is essential; it is not as if, 
after having used printer’s ink, we discussed the properties of that substance. 
The question is: are we justified in defining a notion which has already been 
essentially wsed in working with the symbols? 

As the point is difficult, I give another example of the use of facts in work- 
ing with symbols. The fundamental nature of the relation “ between” i 
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geometry is well known, and axioms for this relation can be set up. As in 
these axioms “ between” has no meaning, I will say, to avoid confusion, 
“ 4 tebs B and C ”’ instead of “‘ A is between B and C”’. We can then, if we 
wish, state such axioms as “‘ If A tebs B and C, then A tebs C and B”’. In 
such axioms, we use, without assuming, the fact that the letters A, B, C in 
the axiom “A tebs B and C’”’ can be permuted in six ways. It would be 
absurd to state that ‘A tebs B and C’”’ is a different proposition from “‘ A 
tebs Cand B”’. We can see it is different ; this difference, seen but unstated, 
makes significant the implication given above. Thus we use implicitly certain 
facts about possible arrangements of our symbols. But if facts are used, it 
seems odd to use them to deduce formally a theorem corresponding to the 
facts. How should we show, for instance, that there are just six ways of 
arranging A, B, C—a fact which is used, though neither formally assumed, 
nor formally stated. Any proof of this fact reduces essentially to exhibiting 
the six ways and counting them. In geometry there is no temptation first to 
use a fact and then by its use to “ prove” it formally ; but there is a risk of 
doing so in the fundamental parts of logic, where facts are implicitly used 
in manipulating symbols, which are among the things of the world with which 
the logistic theory deals. Formalism avoids this by avowedly working with 
symbols, as counters only. 

Formalism, of course, must not pretend to be a complete philosophy of 
mathematics ; it is a method, not a creed. It empties symbols of meaning 
as a device ; it does not affirm that in their ordinary use they have no mean- 
ing, for they plainly have. It therefore does not compete with logistics, but 
by its example renders doubtful some of the investigations in logistics. In 
dealing with logic and arithmetic it uses, without stating, the visibly clear 
properties of the arrangement of the symbols; it does this avowedly, while 
logistics does it, as it were, unconsciously. Thus it makes a clear distinction 
between a sort of unstated sub-logic, which consists not of general principles 
but of specific applications, and the formal logic, emptied of meaning, which 
it investigates. 

Russell regards the intuitionist theory of Brouwer as the more dangerous. 
Ihave never satisfied myself that I understand this theory fully ; it rejects 
not merely logistics but much of mathematics, practically the whole theory 
of the real variable being discarded. One result of Brouwer’s work does, 
however, seem most salutary. Instead of speaking of “ all classes ’’, “ all real 
numbers’, writers are beginning to construct those classes, real numbers, 
and point-sets, with which they propose to deal. A definite universe of dis- 
course results. By “ all real numbers ” would be meant all those constructed 
incertain specified ways. It seems to me that this may lead to a reinterpreta- 
tion, rather than to a rejection, of the mathematics to which exception is 
taken. The method of construction is in accordance with most of the Prin- 
cipia doctrine and Russell was one of its first advocates; for rationals and 
irrationals are there constructed from natural numbers. But the construction 
method is not used for introducing natural numbers, but instead the world in 
some sense is invoked. Would it not be possible to give construction rules 
for natural numbers inside some clearly indicated universe of discourse? The 
final decision of the controversies round the basis of mathematics—if final 
decision is possible—is not yet in sight, but there are indications that a union 
between the formalist and intuitionist standpoints, each modified from their 
a positions, may be expected. The reckoning with logistics must then 

ollow. 

I conclude with an expression of gratitude to the publishers for making 

available at last to all this great classic. H. G. F. 
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Einfiihrung in die mathematischen Logik und in die Methodologie der 
Mathematik. By ALrrep Tarski. Pp. x, 166. 7.50 M. 1937. (Springer, 
Vienna) 

The work of the Polish logicians since the war is well known, and Professor 
Tarski is one of the eminent members of that band. The book under review 
was first published in Polish, and this translation is in the well-known Vienna 
series : Schriften zur wissenschaftlichen Weltauffassung. 

It is intended as a popular introduction which would be read by anyone 
with no previous knowledge of the subject, and whose acquaintance with 
mathematics embraces only the simplest geometry and algebra. Most of the 
logical theorems are stated in words—the use of many symbols would have 
been a drawback and a vain display. The author has in mind two types of 
readers, philosophers and other thinkers who wish to know what this logic is 
about, and young mathematicians who have not yet met it. The book is in 
two parts: in the first we find a presentation of the formal bases of the 
calculus of propositions, classes, and relations and of the theory of deduction : 
the philosophical background is not considered ; the second part applies these 
logical notions to the foundation of ordinary algebra, and several sufficient 
sets of axioms are given. Throughout the book the numerous examples are a 
valuable feature. 

In one respect I find the author obscure—the treatment of identity. As his 
account is on conventional lines, and my difficulties may be due to prejudices 
only, I had better state at once that it seems to me idle to attempt to define 
identity, and quite meaningless to say that a thing is identical with itself. 
The author states that 1-5=3/2 means that 1-5 and 3/2 are symbols for the 
same thing. There are, of course, difficulties in this view, but I believe they 
can be met. But if we take this interpretation, it seems to me that two things 
follow : first, such statements as “2=2”, or “x=y and y=z imply =z” 
become the merest trivialities, unworthy of symbolic statement ; secondly 
and more important, the symbol of equality in arithmetic is on a totally dif. 
ferent footing from any other symbol. For instance, a+} means the sum of 
the numbers denoted by a and 6, that is, it is a function of the numbers repre- 
sented by a and b, and not a function of the names “a”, “6b”, whereas a=) 
is a statement not about the numbers represented by a and b, but about the 
names “a”, ‘“b”. Briefly, a+6 refers to the things symbolised, a=6 refers 
to the symbols. This is from the ordinary mathematical standpoint. If, how- 
ever, we are dealing with metamathematics, with the theory of proof, looking 
at algebra from outside, we empty the symbols of meaning, and treat them 
as counters only. Then the sign of equality, as well as the sign +, becomes 
an empty counter, and such statements on “identity”, as those given above, 
become rules, or lead to rules, for dealing with these counters. Our author, 
in wishing not to cut too deep, here runs, I feel, a risk of being misunderstood, 
because he has not pointed out the distinction between the mathematical and 
metamathematical standpoint, but has given an account which seems to 
partake of both. 

For those who wish to use the logical calculus, this is a really excellent 
introduction, preparing the way for subsequent reading in which symbols are 
used. I know of no book which covers the same ground. H. G. F. 


Methoden der mathematischen Physik. II. By R. Courant and D. H1Bert. 
Pp. xvi, 549. RM. 39.80. 1937. Grundlehren der mathematischen Wissen- 
schaften, 48. (Springer, Berlin) 

The first volume of “ Courant-Hilbert ” was published in 1924, and proved 
so successful that a second edition was brought out in 1931. In the first 
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edition the authors promised a second volume dealing with the existence 
theorems of the equations of mathematical physics from the calculus of varia- 
tions viewpoint. Publication had to be delayed owing to the unsatisfactory 
state of the theory in 1924, a state since rectified mainly by the work of 
Professor Courant and his pupils. The promise of fourteen years ago has 
been brilliantly fulfilled with the publication of the work now under review. 

The underlying idea throughout the book is to emphasise general methods, 
and not to present a dull succession of theorems. Yet a very wide range 
indeed is covered, and that in no superficial manner. Under the circum- 
stances I can only give an account, occasionally critical, of the contents of 
the various chapters. 

In the first chapter we find an excellent introduction to the theory of 
systems of first order partial differential equations with two independent 
variables, including a proof of the Cauchy-Kowalewski existence theorem. 
This theorem assures us, for example, of the existence of a unique solution of 
the equation F(x, y,z,p,q)=90 under the initial condition z=f(y) when 
z=0, provided that f(y) is holomorphic. 

The fact that the initial data must be holomorphic makes the Cauchy- 
Kowalewski theorem of little use in mathematical physics, and some weapon 
other than the power-series is needed. In the second chapter it is shown 
how a satisfactory theory can be built up without assuming holomorphic 
initial data. The key to this is the geometrical idea of characteristic curves 
and characteristic strips. 

The theory is next linked up with the Calculus of Variations. Any first 
order partial differential equation can be put in the form 


DP TE (as Pas ooo Ug FS Day Dey 0ee P_)=O) seccveseccocrcecse(l) 
where 91, Ya, --- Yn, are the independent variables and 
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The characteristics out of which all solutions can be built up are then given 
by the “ canonical equations ”’ : 
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where dots denote total differentiation with respect to t. This is the converse 
of Hamilton’s theorem, that from a complete integral of (1) the solution of 
the canonical equations follows immediately. The connexion with the 
Calculus of Variations is provided by Hamilton’s Principle. 

The only criticism I can make about Chapter II is that the authors have 
attempted to compress too much material into the comparatively short space 
of 70 pages. The average reader will probably need, as I did, to make fairly 
frequent reference to some such book as Carathéodory’s Variationsrechnung 
und partielle Differentialgleichungen erster Ordnung. 

The idea of characteristics can be extended to differential equations of 
higher order, as is done in Chapters III and V. For example, the equation 
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where the coefficients a,, depend only on the independent variables and f does 
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not contain derivatives of u of the second or higher order, possesses charac- 
teristics 4(2,, Xg, ... Z,)= constant, where 


5 


** Oa, Ox, 


The quadratic form 2a,,A,A, plays an important part in the theory, for it 
enables us to classify equations of the form (2) into equations of elliptic, 
hyperbolic and parabolic types according as the quadratic form is definite, 
indefinite or degenerate. What constitutes a correctly set problem concerning 
the equation (2) depends on its type. 

To illustrate this, let us consider the following three equations : 
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The first type of problem is the boundary value problem, associated with 
elliptic equations. The simplest problem of this type is the problem of 
Dirichlet, to find a solution of (4) regular within a closed curve C and taking 
given values on C. The second is the Higenwert problem, also associated with 
elliptic equations. A simple instance is to find a solution of (5) regular within 
a closed curve C and vanishing on C ; this problem has a non-zero solution 
only if has one of a set of special values, the Eigenwerte * of the problem. 

The third type of problem is the initial value problem usually associated 
with hyperbolic equations. A typical problem would be to solve (6) given 
the values of uw and 6u/@x when x=0. 

These topics are discussed in detail in Chapter III, and are illustrated by 
examples of equations with constant coefficients which occur in physics. The 
chapter concludes with an account of Heaviside’s method and of the equi- 
valent rigorous theory by means of Laplace transforms. 

In Chapter IV the authors discuss the boundary value problems of elliptic 
equations. For reasons of brevity, they restrict themselves mainly to 
Laplace’s equation, which is typical of the general case and is of great import- 
ance in physics. In particular they show how the boundary value problem 
may be solved by means of Green’s function. Whilst the physicist would 
regard the existence of Green’s function as intuitively obvious, this is a case, 
as Lebesgue showed, where intuition may lead us astray. Two proofs of the 
existence of Green’s function for Laplace’s equation are given, (i) by Schwarz’s 
alternating process, (ii) by using the theory of the potential of a layer of 
doublets to reduce the problem to that of solving a Fredholm integral equation. 

Chapter V deals with the second order hyperbolic equation with two inde- 
pendent variables, and gives in particular a good account of Riemann’s 
method (somewhat marred by misprints) and of Picard’s method of successive 
approximations. 


* The Eigenwerte of this problem are also the Eigenwerte of a certain Fredholm 
integral equation, and so are nothing other than the latent roots of the associated 
infinite matrix. Is it too late to ask that the well-established English terminology 
of matrix theory be used in the theory of differential and integral equations instead 
of such hybrids as Eigenvalue, Eigenfunctions, etc.? 
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The characteristics of the equation (2) above satisfy the first order equation 
(3). The bicharacteristics of (2) are defined to be the characteristics of (3), 
and so are given by 


305 


da é 
—" 4 a x . 

Hence if (A,,,,) is the matrix reciprocal to (a,,,,), we have 

~~. SS 

“ae” ~~“, 

and so the bicharacteristics are the null lines of the space with metric 
J Asn Im Ie 

In the particular case of the equation of wave motions, 


1 Ou 
V7%u= C Ot ? 
the metric is that of special relativity 
c®(dt)? — (dx)? — (dy)? — (dz)?. 

The characteristics are the null cones 

(%— %o)* + (y— Yo)? + (z— 29)? =C7(t— to)’, 
and represent spherical waves expanding with velocity c ; the bicharacteristics 
are the generators of the null cones and are the world-lines of rays of light. 
In Chapter VI these ideas, which are of importance in solving the initial value 
problem, are extended to any hyperbolic equation of the second order. 

Two methods of solution of the initial value problem are developed in this 
chapter. The first is a very recent one, due to Fritz John and Asgeirsson, 
depending on the inversion of a mean value equation. The second is Hada- 
mard’s method, using the “‘ elementary solution ”’ and divergent integrals. In 
order to bring out clearly the essentials of Hadamard’s method, the authors 
restrict themselves to solving the equation 


(ve+ e~ 2) u=f, 


(where f depends only on the independent variables), with two or three 
spatial dimensions. As a result, the fundamental ideas are far more easily 
grasped than from Hadamard’s own account of the general theory in his 
Lectures on Cauchy’s Problem (New York, 1923). No mention is made of 
Volterra’s method, which avoids the use of divergent integrals, but gives not 
u, but its integral with respect to t. 

The last chapter contains some of the most recent work in this field, and is, 
in some ways, the most interesting of all. Proofs are given of the existence of 
solutions of the various properly set problems concerning elliptic equations, 
using the machinery of the modern calculus of variations. The connexion 
between the problem of Dirichlet and the calculus of variations has long been 
known, and dates back at least to Kelvin. 

To illustrate this, let us consider the problem of Dirichlet, to find a two- 
dimensional potential function which is regular in the region S bounded by 
a closed curve C' and takes given values on C. The expression 


aA 
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has a lower bound d>0 for all functions u regular in S and taking the given 
values on C. By the classical theory this lower bound would be attained by 
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a function U which makes the variation of D [u] vanish; hence U would 
satisfy Laplace’s equation and the given boundary condition. It is, however, 
by no means obvious that the lower bound is attained. 

We can, however, follow the direct method devised by Ritz for the numerical] 
solution of variational problems, and choose, as we evidently may, a sequence 
of functions w,, v2, Us,... such that D[u,,]—>d as n> ; such a sequence is 
called a minimal sequence. It is not necessarily the case that w,, tends to a 
limiting function U, or, even if it does, that U has the differentiability pro- 
perties sufficient to ensure that it satisfies Laplace’s equation. Actually it is 
possible to extract from a minimal sequence a sub-sequence which converges 
to a limiting function satisfying both the variational problem and the problem 
of Dirichlet. The proof of this property of the minimal sequences associated 
with the boundary value and Eigenwert problems of elliptic equations forms 
a fitting close to this most interesting book. 

My only criticism is a rather slight one. The book bears traces of very 
hurried proof-reading. There is a list of corrigenda, by no means complete, 
covering one and a half pages, and even then the misprints “ Piccard ” and 
** Jakobi ’’ have not been noticed. That the book is well got up and beauti- 
fully printed is assured by the publisher’s name and reputation. 

E. T. Corson, 


Modern Higher Algebra. By A. A. ALBERT. Pp. xiv, 319. 18s. 1938. 
(University of Chicago Press ; Cambridge University Press) 

This well printed, moderately priced book by one of the leading algebraists 
should certainly be acquired by all those interested in algebra. Although, 
owing to the great progress that has been made during the last ten years, it is 
not possible in a work of this size to give a complete account of all develop- 
ments in the subject, some reference, however slight, to important results 
lying somewhat off the direct line of approach taken by the author might 
have been justified. Professor Albert’s aim has been to build “ a foundation 
for the future exposition of the modern theory of algebraic numbers and class 
fields and of the theory of linear associative algebra’. He achieves his pur- 
pose with great clearness and brevity, and the book is of exceptional interest 
not only as regards its content, but also in its mode of presentation of the 
subject matter. 

Chapter I is concerned with the now customary abstract definitions of 
groups, rings and fields which render theorems capable of the widest possible 
applicability. 

The main subject of Chapter II is rings having a unity element. Integral 
domains which generalise the integers and quotient fields which generalise the 
rational numbers are discussed and the characteristics of rings defined, while 
in the latter part of the chapter linear algebras are obtained by means of a 
suitably defined multiplication for linear sets. 

Chapters III and IV deal with matrices having elements in a field and with 
the usual problems arising from the different kinds of equivalence. Properties 
of the complete matrix algebra consisting of all n?-matrices with elements in 
a field are discussed and the automorphisms of this algebra are shown to be 
inner automorphisms. Finally the problem of invariance under an auto- 
morphism is shown to be equivalent to finding all matrices commutative with 
a given non-singular matrix. 

Chapter V presents a complete generalisation of the theory of symmetric 
matrices in a field of characteristic ~ 2. This restriction is necessary, for in 
a field of characteristic 2 the number } does not exist and -1= +1. 

Chapter VI deals briefly with finite groups and includes the theorems of 
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isomorphism and of Jordan-Hélder. Some results on permutation groups are 
given at the end of the chapter. 

Chapter VII, the subject of which is fields over a basic field F, contains the 
proof of the theorem which to-day replaces the fundamental theorem of 
algebra, namely, that a root field exists for a polynomial over F. Finite and 
separable fields are also considered. 

Chapter VIII deals with the present conception of the Galois theory of 
equations, which is based on the theorem that the structure of the group of 
automorphisms of a normal field, defined as a finite, separable extension of a 
basic field, in relation to its normal sub-groups is simply isomorphic (in- 
versely) with the structure of the field in relation to its normal sub-fields. At 
the end of the chapter is a short discussion of solvability by radicals in a non- 
modular field. 

In Chapter IX the different types of cyclic fields are discussed in consider- 
able detail, as they are a subject of great importance not only because they 
represent the simplest type of field, but also because the theory of algebraic 
fields since Hilbert has developed principally by the study of class fields for 
which the Galois group is Abelian. 

Chapter X, the subject of which is linear associative algebra as represented 
by matrix algebras, includes paragraphs on quadratic algebras, cyclic algebras 
and matrices commutative with a sub-field of the ring of all n?-matrices. 

Chapters XI and XII are two of the most important in the book, as here, 
for the first time in an English mathematical work, is to be found an adequate 
introduction to the transcendental theory of fields and of valuation functions, 
including the theory of p-adic numbers.* Thus, in this theory the realm of 
pure algebra is abandoned and limiting processes are defined which will ulti- 
mately become of fundamental importance not only for algebra, but also for 
analysis. The basic idea is that the properties of divisibility in rings are 
related to topological properties of sets by a generalisation, termed a valuation 
function, of the concept of the absolute value of a number. Two types of 
valuation functions are possible, Archimedean and non-Archimedean. Every 
field with the former type of valuation contains the field of all rational num- 
bers and is equivalent to a sub-field of the complex numbers, whereas non- 
Archimedean valuations lead to the p-adic numbers of Hensel, namely, 
numbers of the form 


n—1 
Lp b,p', 0<b;<p,b, 49, 


no 8=0 


p being a prime number and the 6’s integers. The convergence is, of course, 
defined with respect to the valuation and not with respect to the ordinary 
absolute value. It is only in the final chapter that real and complex numbers 
are first defined, although their existence has been postulated in earlier 
chapters. The properties of valuation rings and questions of divisibility are 
not discussed. f A. R. R. 


Advanced Algebra. II, III. By C. V. Durett and A. Rosson. Pp. xi, 
315, xxviii. 12s. 6d. 1937. (Bell) 

These two volumes will enhance the already high reputations which the 
authors have earned as writers of textbooks for the higher forms in schools. 


* Short accounts are to be found in Hancock’s Theory of Algebraic Numbers, II, 
and in the Report on Algebraic Numbers. 

t The difference group reference in the index should be to p. 134 and not, as 
erroneously stated, to p. 133. 












308 THE MATHEMATICAL GAZETTE 


They form a sequel to Durell’s Advanced Algebra, Vol. I, which was published 
in 1934, and contain frequent references to the earlier book. 

Chapter X, which is the first chapter in Vol. II, continues the discussion on 
finite series which was begun in Chapter III. In this we find the multi- 
nomial theorem, the usual standard summations, such as 


Z(a+n-—1b)(a+nb)...(a+n+r—2 b), 


etc., summation by differentiating known results, and the method of differ- 
ences. In the last of these free use is made of the method of detached symbols. 
In the worked examples the authors have been careful to give the most 
general forms of u,, and Yu, when the differences are of given form. 

The next chapter deals with difference equations. These have hitherto 
been relegated to an odd corner in a chapter on summation, but are here 
given a chapter to themselves, and we welcome this departure from tradition. 
The linear difference equation with constant coefficients is treated fully, the 
various cases which may arise being well illustrated by means of worked 
examples, which include one where the roots are complex. One example of 
a difference equation with variable coefficients is also given, and the exercises 
contain three or four questions of this type. The work done in this chapter 
will greatly assist the student when he comes to study linear differential 
equations. The chapter closes with applications to recurring series and con- 
tinued fractions. 

We proceed now to factors and partial fractions. Here the authors have 
another innovation in the rechristening of real and imaginary numbers of the 
complex domain as z-axal and y-axal numbers. This terminology, if univer- 
sally adopted, would be a real benefit, indicating as it does a distinction 
between the z-axal numbers of the complex domain and the numbers of the 
real continuum. There is, however, little likelihood that it will displace the 
older terminology, but even so, it is likely to be helpful to beginners. We 
welcome the alternative proof given on p. 266 of the fundamental theorem 
Af+Bg=h. The chapter on the theory of equations which follows does not 
call for special comment. In this are given Descartes’ rule of signs, de Gua’s 
rule, Sturm’s theorem, the solution of cubic and quartic equations, and 
theorems on symmetric functions of the roots. 

The final chapter in Vol. II is on sequences. This is a particularly attractive 
chapter, in which the various terms used, such as steady approach, upper and 
lower bounds, upper and lower limits, points of accumulation, etc., are intro- 
duced progressively and amply illustrated by means of examples. The 
chapter includes the integral test, Raabe’s test, a particular case of Cauchy’s 
condensation test, and some remarks on infinite products, absolute con- 
vergence, double series and infinite continued fractions. 

In Vol. II the authors have made a practice of introducing simple arith- 
metical instances before proceeding to the general case. A different spirit 
pervades Vol. III. This part of the work has been written for the mathe- 
matical specialist, who is now supposed to have outgrown the necessity of 
being led by hand all the time. The Sixth Form boy who is reading this part 
may therefore encounter difficulties, but these are not difficulties of principle, 
but are all of a type which can readily be overcome by concentration. We 
think that this attitude is a right one; sooner or later the student must learn 
to stand on his own legs, and this volume will both assist and encourage him 
to do so. 

The subjects discussed are inequalities, determinants, matrices, probability 
and the theory of numbers. The treatment of these topics is thoroughly up- 
to-date, and the authors have kept a watchful eye on modern developments. 
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The chapter on inequalities sets a new standard in school textbooks. The 
older books usually contain nothing more than variations on the theorem that 
the arithmetic mean is greater than the geometric mean, and the proof even 
of this is often incomplete. But here the authors have treated the subject 
systematically. Weierstrass’, Cauchy’s, and Tchebychef’s inequalities are 
first established, and are followed by the theory of means. The general 
weighted mean 


1 
T 
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is defined and the theorem that the arithmetic mean (A=M, (a, p)) is greater 
than the geometric mean (G=lim M,(a, p)) is proved. The fact that 
r—0 


G=lim M,(q, p) 
r—0 

is stated in the text, and the proof is outlined in one of the exercises. The 
more general theorem that M,<M, if 0<r<s, is proved for unweighted 
means in a worked example on p. 382, and the same theorem for weighted 
means occurs in one of the exercises. Hélder’s and Minokowski’s inequalities 
are then established. It might help the student both to remember and to see 
the bearing of Hélder’s inequality if it were pointed out that equation (20) 
on p. 381 is equivalent to stating that the weighted geometric mean of the 
sum of n sets is greater than the sum of the weighted geometric means of 
the sets, a theorem which is proved for unweighted means on the following 
page. A few results obtained by calculus methods follow, and the chapter 
closes with a short account of convex functions and Jensen’s inequalities. 

In the next two chapters, on determinants and matrices, the modern out- 
look is continued. Indeed the inclusion of a chapter on matrices in a school 
book is in itself a notable departure from tradition, and one which, we feel 
sure, will be greatly appreciated. Not only the subject matter, however, 
but also the treatment, is thoroughly up to date. The existence and pro- 
perties of determinants are established with due regard to rigour, at the same 
time the algebra is kept within manageable bounds by a free use of the 8 
and ¢« symbols and of the dummy-suffix convention. Thus a good foundation 
is laid for the future study of the tensor calculus. In the chapter on matrices 
the authors have not contented themselves with pointing out the value of 
the matrix notation in connection with analytical geometry and with the 
solution of systems of linear equations, but have devoted twenty pages to 
the development of matrix algebra. The student cannot fail to be impressed 
with the conciseness of the notation after reading the worked example on 
p. 443. 

In writing a textbook of algebra one of the chief difficulties which an author 
has to face is the problem of selection. What exactly is “ higher algebra ”? 
For some the term includes such matters as the theory of irrationals and 
uniform convergence, others think that algebra should confine itself to finite 
operations, everything which is dependent on infinite processes being regarded 
as part of the theory of functions. We think that in this book the authors 
have been wise in their selection. Their object has been the development of 
algebra as a technical tool. At the same time they have tried to show that 
this tool possesses its own sources of interest, that it is worth studying for its 
own sake, and not only because it can be employed to further the develop- 
ment of other branches of mathematics. Indeed, one of the characteristics 
which makes this book such pleasant reading is the fact that the authors’ 
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bias is towards the aesthetic value of mathematics rather than its practical 
applications. For example, in the chapter on difference equations, the 
student is encouraged to regard them as being of interest in themselves rather 
than as being of importance because they may have applications in (say) 
statistical work, and a similar spirit pervades the whole book. 

The format and printing are excellent, and we have noted only two mis- 
prints. On p. 261, two-thirds way down, for 2+0-—6-—10+22-8, read 
2+0-6+10+22-8, and in the list of symbols on the very last page, line 3 
up, for nP, read ,P,. The authors have prepared two small volumes of 
hints for the solution of the more difficult examples (price 2s. 6d. net each), 
which should prove useful. N. R. C. Dockeray. 


Mechanics. By W. F. Oscoop. Pp. xv, 495. 21s. 1937. (Macmillan, 
New York) 

This is an unusual and stimulating textbook on dynamics. 

Nearly the first half of the book is occupied with much the ordinary account 
of plane statics and dynamics, but although at this stage the work is mechanics 
of the most elementary kind, the treatment is distinguished from most others 
by greater precision in definition, and by the deduction of the important 
results from definitely formulated hypotheses as if they were theorems in 
pure mathematics. One instance among many others may be quoted: in 
the treatment of impulses (in the two-dimensional dynamics of rigid bodies) 
it is shown, using the second Mean Value Theorem, that a sufficient condition 
that the moment of the impulse about the mass-centre may be equated to 
the corresponding change in angular momentum is that the direction of the 
external force should not vary through more than 180° during its period of 
application. At the same time great trouble has evidently been taken in 
avoiding artificial examples ; it is stated in the preface that “‘ the world in 
which the boy and girl have lived is the true laboratory of elementary mech- 
anics ”’, and there is an affectionate reference to ‘‘ good old Model T ” which 
later provides some of the examples. 

After the introductory part of the book and a short course of three-dimen- 
sional rigid dynamics, the formulation of Lagrange’s and Hamilton’s equa- 
tions follows, together with some account of contact transformations and the 
solution of Hamilton’s equations by the Hamilton-Jacobi partial differential 
equation. There is a good deal here that is to be found elsewhere only in the 
comprehensive treatises, while the precision of statement and mathematical 
outlook is perhaps more useful here than in the introductory part. Much of 
this will be hard reading for the university students for whom it is intended, 
but it is remarkable that, starting from the elements, so much of dynamics 
has been included in a relatively short book, by suitable omissions (three- 
dimensional statics and the general theory typified by Bertrand’s and Kelvin’s 
theorems are the most obvious examples) and by concentrating on what is of 
fundamental importance. W. R. D. 


A New School Arithmetic. By L.Crostanp. Pp. x, 224, xxxii. 3s. 1936. 
(Macmillan) 

This book is designed to provide the arithmetic necessary for “ the usual 
School Certificate course in mathematics”, without including any matter 
more suitable for algebra or geometry lessons. For this reason there is no 
chapter on logarithms, but familiarity with their use is assumed where neces- 
sary. 

The book is divided into two parts. Part II consists mainly but not entirely 
of extensions of subjects already introduced in Part I. As the author suggests 
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in his preface, a teacher who prefers to exhaust one topic before proceeding to 
another may after a chapter in Part I take the corresponding chapter in 
Part II. Sometimes, as in the chapters on percentages, the difference between 
the exercises in the two parts is that those in Part II do not involve such 
easy numbers as those in Part I, rather than that the principles involved in 
Part II are more advanced than those in Part I. The division into two parts 
may occasionally lead to confusion where a subject is treated both in Part I 
and in Part II. The decimalisation of money is actually considered in three 
chapters, in each of which there are differences of method. 

The author has taken care to set out the solutions of the illustrative examples 
in a manner that can be copied by the pupil, and he emphasises the importance 
of not multiplying or dividing until it is necessary to do so. There is perhaps 
too much cancelling in some examples, and this, while quite clear when 
printed, may lead to unnecessary mistakes if copied by the pupil when writ- 
ing out similar examples; it seems particularly dangerous where decimals 
are involved. 

There are numerous exercises throughout the book, and these are often 
divided into three types—Oral, Drill, Problems. Problems are introduced at 
all stages, and the author has taken care to make them of practical interest. 
For stupid pupils the drill examples will probably have to be supplemented 
by the teacher in some places, but there are few books of which this cannot 
be said. There are six sets of revision papers, that at the end of Part I being 
of “ Public Schools Common Entrance Type”. There is also at the end of 
Part II a set of papers, each of which is typical of the Arithmetic paper of 
one of the School Certificate examinations. 

Part I starts with a chapter on the revision of the first four rules as applied 
to compound quantities, and there is then a short chapter on simple areas 
and volumes, followed by four chapters on fractions and their applications. 
The author discusses thoroughly the elementary handling of vulgar and 
decimal fractions, and the treatment is successful except in a few small 
points. There is rather an uneven distribution of illustrative examples in 
the first chapter on vulgar fractions, where after a section on multiplication 
and a short section on division with a few examples, there are six examples 
all of the type, “ Find the value of 3 of 33.” Three examples of expressing a 
decimal correct to a certain number of places are given, but there is no example 
in which the figure after the place required is 5. It is also not necessarily 
true, as is implied, that a height given as 37,800 ft. is given correct to 3 signi- 
ficant figures. No mention is made of remainders in long division of decimals. 

Percentages are then introduced as fractions with denominator 100, and 
their practical importance is emphasised by sets of questions on various com- 
mercial applications. The chapter ends with a very brief section on simple 
interest and compound interest—there are only nine questions on the first 
and seven on the second. They are both treated more fully in Part IT. 

There follows a chapter on ratio and graphs, in which 7 is introduced as 
the ratio of the circumference of a circle to its diameter, and a chapter on 
proportion. Simple proportion problems have already arisen in one of the 
fraction chapters, where they are treated by the unitary method. Here the 
expressions “‘ directly proportional ” and “ inversely proportional ” are intro- 
duced, and the use of a single factor as “‘ multiplier ” is shown. 

The next chapter contains the mensuration of the circle, cylinder, and 
prism. The formula z7r* is approached by a set of questions in which the 
ratio of the area of a circle to the area of the square on the radius is found 
graphically for several circles. It is perhaps a pity that the formula 227? is 
mentioned in an exercise in an earlier chapter. 
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Part I ends with a chapter on factors, etc., and harder fractions. In the 
factor method of finding the u.c.F. the author recommends that the common 
factors should be ringed. This is a very clear method for a beginner, but has 
the disadvantages that it is not so suitable for the corresponding problem in 
algebra where the expressions are usually in index form, and that a different 
method of setting out has to be adopted for the L.c.m. The chapter ends 
with a set of questions such as “ simplify 3} -$ x $+2;% of 3}”. 

As mentioned, Part II consists mainly of extensions of subjects already 
started in Part I. The general method of obtaining the square root—perhaps 
the hardest piece of arithmetic to explain without a blackboard—is described. 
The method as given here breaks down occasionally if the instructions are 
strictly followed, but this probably does not matter in practice. Miscellaneous 
problems on taps, trains, mixtures, etc., are included in the chapter on ratio 
and proportion. In the chapter on interest the formulas for simple interest 





in the form 100 rt ) and for compound interest are introduced. An example 


of the use of the compound interest formula is worked out both by long 
multiplication and by four-figure logarithms and the reader is asked to com- 
pare the two answers, but no further comment on the degree of accuracy of 
the logarithmic solution is made. 

Part II ends with chapters on stocks and shares and on mensuration of 
figures not considered in Part I. In the chapter on stocks and shares the 
author has included extracts from typical advertisements for shares, includ- 
ing one for shares in a Fixed Trust company. This chapter should prove 
interesting reading to pupils, and will give a greater reality to problems on 
stocks and shares than they sometimes possess. 

The book is well printed, the type used for figures being very easy to read, 
although it is a pity that this type is not also used for fractions. 

J.C. M. 


Calculus. By J. V. McKetvey. Pp. ix, 420. 12s. 6d. 1937. (Macmillan, 
New York) 

This volume is one of a series of texts written for use in American colleges. 
The author is the Professor of Mathematics in the Iowa State College. 

There are eleven chapters (182 pages) on differential calculus, in which the 
subject is introduced and carried as far as the study of Rolle’s theorem and 
singular points. The second half contains nine chapters. Six of these are on 
integration, one on applications to mechanics, one on infinite series leading to 
Taylor’s theorem and the last on differential equations. 

The scope of the book is wide and the treatment rapid, so much so that it 
can hardly fulfil any normal purpose in this country. Schools will require a 
much slower treatment than is given here while the first-year student at the 
university will require only the later chapters, and he will certainly be very 
critical of the proofs given for Rolle’s theorem, the derivative of an arc, ete. 

Two points are worth mentioning as a matter of interest. The theorem 


f(b)-f (a)_ f'(z) 
F(b)-F(a) F’(z) a<xz<b 





is called the second Mean Value Theorem, and, although a whole chapter is 
devoted to singular points, the book does not mention asymptotes. 

The book is very readable, is well printed and is splendidly bound. It is 
still dear at the price. 


W. JL 
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Arithmetic. By C. H. Hit and P. G. Wetrorp. Book IV. Pp. 385-476, 
viii. With Answers, ls. 6d.; without Answers, ls. 3d. 1938. (University 
Tutorial Press) 


This is the fourth and final book of a complete course in school arithmetic. 
The first three books were reviewed in the Gazette, Vol. X XI, p. 306. Book IV 
contains chapters on Logarithms; Mixtures; Velocity; Handicaps, Races 
and Games of Skill; Change of Units and Monetary Exchanges; Approxi- 
mate Data and Error. There are, in addition, about 100 examples taken from 
School Certificate examination papers, 15 revision papers, tables of logs and 
anti-logs and a table of constants and formulae. 

The chapter on logs is good, inasmuch as it gives clear expression to the 
benefits of tabulation. It is all the more regrettable that the old-fashioned 
double rule for finding the characteristic of numbers greater or less than unity 
should have been retained. Standard form has been used all through the 
work with decimals, graphs have received a full treatment and have brought 
out the association between sign and direction, so that the problem can be 
made to respond to one method. The standard form for 0-00371 is 3-71. To 
turn the given number into standard form we therefore move its figures 3 
places to the left. The characteristic is thus 3. The tables are very clearly 
printed and give log z its normal value of 0-4972, although the table of con- 
stants gives it as 0-4971. 

The general treatment in this book is much the same as in the first three, 
but the examples are more varied. The chapter on errors is good, and the 
collected examples cover the more important topics satisfactorily. W. J. L. 


A School Certificate Mechanics and Hydrostatics. By W. G. Borcnarprt. 
Pp. xii, 391, xxxiv. 4s. 6d. Mechanics only, 3s. 6d.; Hydrostatics only, 
ls. 6d. With or without Answers. 1937. (Rivington) 

The first two’parts of this book are based on the author’s First and Second 
Course in Mechanics, “‘ though much new matter has been introduced”. The 
chapters on Hydrostatics have been added to cover all the work needed for 
the various School Certificate examinations. The scope of the book is cer- 
tainly adequate for this purpose. An Appendix on Surface Tension, Capil- 
larity and Viscosity is added for those preparing for Ist M.B. ; it will probably 
be welcomed by other users of the book. 

Mr. Borchardt has produced a long series of school textbooks. This, the 
most recent, follows the tradition established by the others. The treatment 
shows the outcome of a long experience of teaching and the general principles 
of the Mechanics Report have been followed. 

The printing is clear, the misprints few and the arrangement such that 
reference is easy. Judged by the review copy, which has received quite 
normal individual treatment, the binding is not substantial enough. The 
body of the book is heavy, and is not very securely fastened into the jacket. 

There are plenty of worked examples in the text, which follows a normal 
development, plenty of exercises for class use as well as 70 revision papers 
and two sets of miscellaneous questions. 

The author has made a great effort to deal soundly with the gravitational 
system of units, and almost all the results in Statics are expressed in Ib.-wt. 
or grm.-wt. The absolute system is used only in Chaps. XIX and XX and 
the Appendix. The author has tried to avoid the use of mass until the absolute 
system has been introduced and difficulties soon arise. In a question on the 
steelyard (p. 24) it is required to “ calculate the position in which the rider 
will balance weights of 1, 2, and 3 Ib. ” and to find “ the greatest weight that 
can be weighed’. It is assumed that the body weighs W Ib. and we end with 

x 
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W =5-48 lb.-wt. Again, in an impact problem (p. 235), we have “ let M Ib. 
be the weight of A”. Such inconsistencies inevitably lead to difficulties when 
the absolute system is introduced, and the writer is of the opinion that much 
of the difficulty which School Certificate candidates experience is due to con- 
fusion in this matter of mass and weight.. The Report (p. 21) gives sound 
advice on this topic, but lacks courage when it says that the double use of 
the word pound “ may be regrettable but we cannot change it”. It can be 
changed in time provided authors and teachers co-operate in facing the issue. 
If we use the concept of mass right from the beginning of mechanics when 
gravitational units are employed we need not “ sow the seeds of trouble”. A 
body of mass 10 lb. will have a weight of 10 lb.-wt., not a weight of 10 lb. 
When we come to momentum and energy we should never use the units 
sec.-lb. and foot-lb. The fact that the engineer is blamed for using these 
terms is beside the point. They should be understood as too severe a short- 
hand and allowed gradually to fall into disuse. No confusion need then arise 
at the introduction of the absolute system. If the force is measured in lb.-wt., 
the work will be in foot-lb.-wt. and the momentum in sec.-lb.-wt. If the 
force is in poundals, the work will be in foot-poundals and the momentum in 
sec.-poundals, 

There is a real need for this matter to be set right. Mr. Borchardt has gone 
so far; is it too much to hope that he will go that much farther? W. J. L. 


The Midland Attainment Tests. By R. B. Catrety. Arithmetic Tests. 
1. Knowledge of Method (8s. 6d. per 100); 2, Mechanical Skill (8s. 6d. per 
100) ; Manual of Instructions (6d. each). 1938. (University of London Press) 

These two Arithmetic Tests have been prepared and standardised by Dr. 
Cattell for use with children in all classes of the elementary school. Part 1 
purports to measure the child’s knowledge of methods learned in elementary 
school arithmetic. The questions are problems involving familiarity with 
weights and measures tables and knowledge of fractions and decimals. Cattell 
largely identifies knowledge of method with ability to read and understand 
verbal directions (e.g. “‘ What do 25 and 26 make?” (age 8); ‘“‘ What are 
nine eights?” (age 9)). There are about four questions for each year and 
marginal notes, which are sure to distract the curious child, indicate the year 
level of the questions. With so few questions it is amazing that the Manual 
of Instructions can speak of obtaining the mental age (achievement age?) with 
“* great precision ”’. 

Part 2 is a highly speeded test of Mechanical Skill in the four fundamental 
processes. The examples have been chosen within a limited field. In all 
cases multiplication and division is by numbers of not more than one digit. 

Neither of these tests is sufficiently long to give anything more than an 
approximate rating of achievement age. The norms have been determined 
on city children only, using an average of less than one hundred children at 
each age. C. E. 8. 


A Textbook of Convergence. By W.L. Ferrar. Pp. vi, 192. 10s. 6d. 
1938. (Oxford) 


Mr. Ferrar’s book includes the convergence theory usually required for a 
university honours course in pure and applied mathematics. The first seven 
chapters deal with the elements of the theory of sequences and series ; Chapters 
XIII-XX with the further theory of series, including uniform convergence, 
Tannery’s theorem, double series, infinite products, and something about 
Cesaro summability and Fourier series. The theory is based on two funda- 
mental assumptions, one concerning the existence of upper and lower bounds, 
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the other asserting that every irrational number is the limit of a monotonic 
increasing sequence of rationals; these assumptions are discussed in more 
detail and justified in the Appendix. 

The average student will find all he needs in this volume; the budding 
specialist will find it a most useful preparation for Bromwich and Knopp, 
since it is as inspiring as the one and as systematic as the other, though, of 
course, it does not pretend to rival these detailed and specialised larger works. 
A most valuable feature, among many which are evidence of the patient and 
skilful teaching on which the book is based, is the way in which, in the early 
chapters, definitions are given in three forms, A, B, C; A is the definition 
in ordinary language, B makes use of symbols and C uses the shorthand of 
full points and J. By this means the student is gradually prepared for the 
terse symbolism of the later chapters, though even in these Mr. Ferrar never 
hesitates to give informal explanations of tricky points. 

It is perhaps personal prejudice which prompts the suggestion that in the 
first section (Chapters I-VI) there is not sufficient emphasis on the basic idea 
of the sequence; but I believe this to be a reflection of a widespread defect, 
a defect responsible for the not uncommon student who copes comfortably 
with a complicated series and funks tackling a simple infinite product. It 
would be interesting, too, to know why the author has rejected the common 
convention that a partial sum of small letters is indicated by the capital of 
the same letter : 

A, =@,+4_,+...+@,. 


To take an example at random, Mr. Ferrar writes (p. 27) : 
8, (Uj tUgt...+u,) < K(v,+ve+...+0,) 
<2.” 
If this were written simply as 
i l n S K y n 
<ny" 
the student would be saved from a multiplication of symbols which so often 
causes him to lose his grip on the main thread of the argument. 
Mr. Ferrar’s book is an excellent addition to the many valuable treatises on 
pure mathematics published by the Oxford Press during recent years. 


t. a. &. 


Lignes de niveau. Lignes intégrales. By G. BouLicanp and J. DEVISME. 
Pp. viii, 154. 30 fr. 1937. (Vuibert, Paris) 

Ordinary differential equations are here regarded from the qualitative stand- 
point, that is to say, with a view to picking out the salient features of the 
integral curves, and sketching these curves with fidelity to form, if not with 
rigorous accuracy. This standpoint will appeal to physicists, engineers and 
those others to whom nature proffers differential equations that more often 
than not are unamenable to the discipline of integration. 

The first chapter discusses plane scalar fields, equivalent to representations 
of surfaces of the form z=f(x, y) by their contour maps. This account, which 
omits nothing of real importance, and makes particularly clear what happens 
in the neighbourhood of a point of vanishing gradient, is not only essential as 
the basis of all that follows, but serves as a useful introductory survey of a 
field for which few accessible sources yet exist. 

The second and third chapters, dealing with integral curves of equations of 
the forms y’=f(x, y) and f(a, y, y’)=0 respectively, put into practice the 
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maxim that the richest source of knowledge concerning the integral curves 
of a differential equation is the equation itself. In the case of the implicit 
equation, the procedure is to materialise the equation as the surface f(x, y, z)=0 
referred to rectangular axes with the z-axis vertical; the integral curves are 
then the horizontal projections of those curves on the surface which satisfy 
the condition dy=zdx. The vertical enveloping cylinder restricts the field of 
integral curves by a natural boundary, and the mode in which the integra] 
curves approach the boundary, referred back to the surface, settles the 
question of singular solutions in the most natural manner possible. 

Chapter IV considers equations of the form y’ = P(x, y)/Q(2, y), particularly 
when P and Q are polynomials, with special reference to the behaviour of 
integral curves in the neighbourhood of a singular point. Even in the simplest 
case, where P and Q are linear in x and y, the number of distinct cases is 
surprising. An example of each outstanding type of singularity is discussed 
in detail. 

In Chapter V an attempt is made to apply to equations of the second order 
those principles which have proved their value in the preceding chapters, 
Needless to say, methods powerful enough to deal with equations of the first 
order may prove quite inadequate for those of the second order, and, in fact, 
they are useful only in the restricted, though important case where the sign 
of y’’ depends upon the position of the point (x, y), but not upon the gradient 
y’ at that point. This is so in equations of the form y” =f(z, y) g(x, y, y’) 
where the function g has a fixed sign. In this case all integral curves through 
a point are either definitely convex or definitely concave to the x-axis or have 
inflexions at that point, and this opens up the question of oscillations. In 
spite of the somewhat slender connection between this chapter and the earlier 
ones, this account serves a really useful purpose, particularly in its application 
to the equation y’’+y A (x)=0, where A is periodic. 

This book is remarkable for the number of examples chosen to illustrate 
each main point as it arises, all fully worked out and usually well illustrated 
by diagrams. The text is a pleasure to read. E. L. 1 


Trigonometry. By T. M. MacRospert and W. Artuur. I. Pp. x, 1-204, 
5s. 6d. II. Pp. xiii, 205-344. 4s. 6d. 1937. III. Pp. xi, 345-480. 4s. 6d. 
IV. Pp. x, 481-541. 3s. 1938. (Methuen) 

The above volumes, entitled respectively, Intermediate, Higher, Advanced 
and Spherical Trigonometry, together deal with all the aspects of the subject 
with which the ordinary student or teacher is liable to come into contact, 
and should prove of great value to anyone desirous of acquainting himself 
with a trigonometrical technique, both from the theoretical and the practical 
point of view. In addition, it is only fair to say that they form an excellent 
work of reference for those who have been fortunate enough to acquire that 
technique ; and, in particular, they contain a very valuable collection of 
examples, many of which are worked out fully in the text. 

Volume I covers the elementary stages, including the usual formulae, 
solution of triangles, and problems in mensuration and surveying. 

In the second volume the authors deal with the elements of complex 
numbers, De Moivre’s theorem and the allied results, and the elementary 
power series. 

The third volume, although entitled ‘‘ Advanced Trigonometry ”’, is really 
nothing more nor less than a treatise on the convergence of infinite series and 
products, including a discussion of their applications to simple functions of a 
complex variable. Here, one feels, there is in parts some rather needless 
repetition, and some of the treatment of the convergence theory seems a little 
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laborious and unnecessarily involved ; but the lack of conciseness is made up 
for by some particularly elegant proofs of well-known results, including a 
proof of Gauss’ test for convergence of series of positive terms (pp. 364-5), 
which was unfamiliar in that it differs substantially from that usually quoted 
in books on convergence, and a double-series proof of the Binomial Theorem 
(pp. 375-6). 

Part IV, dealing with spherical trigonometry, contains the usual proofs of 
the standard results, including Napier’s rules and the area of a spherical 
triangle, together with methods for solving spherical triangles. The only 
regret one experiences on reading this part is that more care was not taken in 
the drawing of the figures, as these always cause difficulty to those learning 
the subject for the first time. J. tu F. 


General mathematics ; a one-year course. By H. CranpAut and F. E. 
Seymour. Pp. vii, 389. 6s. 1938. (D.C. Heath, New York ; Harrap) 

This course takes the pupil through the later part of Arithmetic ; Algebra, 
including simple simultaneous equations, easy factors and formulae; Geo- 
metry, including Pythagoras’ theorem with the trigonometry of the right- 
angled triangle. The course is definitely attractive. One feature may be 
mentioned first, for its attraction might not survive the first month of use. 
This is the couple of dozen line-drawings by H. B. Dummer. These are a 
clever and amusing set of drawings in somewhat the same vein as the comic 
strip in a newspaper ; for example, ‘‘ the cost of owning a house ”’ is intro- 
duced by the picture of a funny little man and his wife wheeling a baby in a 
pram towards a funny little house just about big enough to hold the pram ; 
“fire insurance ’’ by a similar little house which is burning while a fireman 
plays a hose on it, and a woman and her cat weep because “ this house was 
not insured’. This type of drawing has not yet found its way into our duller 
English textbooks ; decidedly amusing at first, it might prove boring later. 

To turn to the more serious side of the book, here is a list of its chapter or 
rather “‘ unit” headings with some comments. 

Unit I. The language of mathematics, 34 pp. : mainly algebraic symbolism. 

Unit II. Basic concepts of geometry, 36 pp.; including the elementary 
constructions. 

Unit III. The formula, 23 pp.: this includes geometric formulae for 
lengths, areas, volumes, and a great variety of others, for example, in four 
pages, selling price, commission, temperature scales, electrical power, illumi- 
nation, auto brake, auto horse-power, work, levers, block and tackle, work 
time, normal weight. A very nice unit; the exercises include an interesting 
type—a “* matching exercise”; sixteen formulae put down and their sixteen 
names out of order, to be matched. 

Unit IV. Simple equations, 20 pp. : more fuss is made over the axioms of 
addition, subtraction, etc., than is now customary over here, but it is a nice 
unit for beginners. 

Unit V. Algebraic technique, 22 pp.: use of “‘ signed’? numbers, sums, 
products, division by a mononomial. 

Unit VI. Everyday social problems, 70 pp.: the longest and perhaps the 
best unit in the book. A revision of arithmetical processes is followed by 
applications to interest, insurance, taxes, instalment and cash buying, sales 
discount, home ownership, statistics, including the median and the “ average ” 
(mean). 

Unit VII. Further algebraic technique, 12 pp.: factors and fractions. 

Unit VIII. Geometry continued, 22 pp.: geometrical argument begins. 
Much fuss is made about axioms, as was customary in England about 1900. 
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It is, however, very carefully done with all the help that lots of little diagrams 
can give. From fundamental statements, including “ if equals be added to 
equals ...’’, and “all right angles are equal’, via “‘ one step proofs ” and “ two 
step proofs ’’, various “ derived statements ’’ which we list as the properties 
of angles at a point are reached. The formal arrangement of a proof is dis- 
cussed—a dull chapter. 

Unit IX. Equations, 18 pp.: including brackets, fractions, factors; also 
simultaneous equations and their graphs and problems. The equations are 
easy ; for example, one of the hardest is 3x — 4y=97-5, x —2y=0. 

Unit X. Ratio and proportion, 19 pp. : percentages as ratios, proportion, 
problems on similar figures, direct and inverse proportion. 

Unit XI. Demonstrative geometry, 41 pp. : proofs in the old style for the 
congruence and parallel line theorems ; also isosceles triangle, angle sum of 
triangle and the three angles case of similar triangles—all very nicely done in 
the fashion of 1900. 

Unit XII. Indirect measurements, 28 pp. : a very attractive unit ; the use 
first of congruent triangles and then of one triangle to scale ; use of tangent, 
sine and cosine, this last in connection with forces and work done by them ; 
drawing to scale. 

Unit XIII. Pythagorean relation, 11 pp.: the theorem proved by similar 
triangles ; riders on it ; square roots by table and also by the arithmetical 
method, with the explanation from algebra carefully and well set out. Quad- 
ratic equations mentioned, but only “‘ incomplete ” ones solved, that is, those 
with no x term. 

Comprehensive Tests. Appendix with discussion of transit, sextant and 
clinometer ; also some tables and index complete the book. 

No answers are given, and there is nothing to suggest that these can be 
obtained separately. 


It may be of interest to compare this Course with a recent English book 
covering somewhat the same ground. For this purpose Mathematics for 
Technical Students, Part I: First-year Course (by F. G. W. Brown, pp. 215, 
xxv, 3s., 1936, Macmillan), has been selected. This starts from about the 
same basis of knowledge, but its users are probably about a year older on the 
average. 

Here there are first four chapters on arithmetic, including percentages and 
metric system. 

Then comes Chapter V. Measurement of length. Symbolic representation. 
The first part of this gives the formula c=7d=2zr for the circle, and after 
exercises this instance introduces the formula in general. Little explanation 
is given (or much is left to the teacher), and such formulae as 


l=(3L? +8d?)/3L, A=, /{s(s—a)(s—b)(s—c)}, c={1-5(a+b) —¥(ab)} 


are set after a few worked examples. By comparison with the American book 
this seems much too hard unless technical students have a special aptitude 
for formulae. 

Chapter VI. The Methods of algebra. The simple equation. The easiest 
equations are dealt with nicely and without too much fuss. “ Negative 
numbers” are then given a brief and scarcely adequate treatment, and 
equations follow with negative numbers, fractions and brackets. The sets of 
examples are longer and less varied than those in the other book. 

Chapter VII. Angles, rectilineal figures, angle properties. Here a judicious 
selection of geometry is set out with rather too much use of long words. 
There are nice sets of riders ; there is a great deal in this chapter. 
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Chapter VIII. Measurement of area. More algebra. Here arithmetic is 
applied to rectangle, parallelogram, triangle, trapezium. Rectangles with 
letters for lengths of sides give binomial and other products, and the (x +a)*, 
(x -a)?, (x +a)(x—a) formulae ; also the area of a circle and a circular ring. 

Chapter IX. Squares and square roots. Here the arithmetic and algebra 
come before Pythagoras’ theorem. Some surds are discussed. There is more 
in this chapter than in Unit XIII. 

Chapter X. Measurement of volume. Here, as well as volumes, density 
and specific gravity are explained. Must density be “‘ the weight of a unit 
volume of the substance ”’? 

Typical examination papers, Index and Answers follow and complete the 
book. 

To return to General Mathematics, the American book: this is longer, but 
not much if we omit the chapter on everyday social problems which the other 
book does not touch. The explanations on the whole are made in simpler 
language, for example, speaking of the protractor : American—* One of the 
most common forms is shown at the right, where a half revolution is represented 
and divided into 180 equal parts’ ; English—‘‘ The magnitudes of the respec- 
tive angles measured from the bounding diameter are marked around the 
circumference in both directions as indicated’. Much more use is made of 
small diagrams in the examples ; the diagrams are an attractive feature through- 
out. The examples are easier than in the English book. The wording is easier 
and more “racy”; instead of “‘a boy” or “a man” doing this or that, we 
have “ Bill” or “ Mr. Gray’. The geometry is very badly spoilt for us by 
being so largely concerned with the mechanism of proof—now labelled in this 
country as Stage C work—and by the fact that about half the theorems 
proved are ones which we take for granted, namely those on parallels and 
congruent triangles. It seems to us impossible to suppose that the boy can 
take much interest in the question whether it is statement 5 or statement 7 
that proves an obvious result. On the other hand, given that the boy is to 
study the process of proof rather than the facts proved, then the business is 
extremely well handled. 

The three units in the American book which get furthest from theory and 
nearest to practice, those on the Formula, Everyday Social Problems, and 
Indirect Measurements, are models of excellence. c..6. 5 


Versicherungsmathematische Aufgabensammlung herausgegeben vom 
Deutschen Aktuarverein. I. Beitrage und Deckungsriicklagen in der Lebens- 
versicherung. C. BoruM, E. Rose. Pp. xi, 75. RM. 2.20. II. Umwand- 
lung von Lebensversicherung. J. StaNiszEwskI, C. Borum, P. Lorenz. Pp. 
xiv, 52. RM. 2.20. 1937. (Teubner) 

These two parts present the student with a collection of elementary pro- 
blems relating to the simpler questions which arise daily in the business of 
life assurance in its more common forms, such as Whole Life and Endowment 
Assurances. The first part deals with the calculation of premiums and 
reserves or surrender values. The second part deals with questions relating 
to changes of the policy from one class to another. The more complicated 
questions relating to increasing or decreasing assurances or questions dealing 
with joint lives or contingent assurances are not included. 

The solutions are given in greater detail than could be expected from an 
examinee, and it is obviously the intention of the Committee of Actuaries, 
under whose supervision the work has been issued, that it should form a 
practical set of problems for the purpose of instruction. The books are well 
printed and conveniently arranged. W.S. 
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Uber eine geometrische Frage von Euklid bis heute. By W. Biascuxg, 
Pp. 20. RM. 1.13. 1938. Hamburger mathematische Einzelschriften, 23, 
(Teubner) 

This is a copy of a lecture delivered by Professor Blaschke in Holland in 
the early part of the present year. It starts by considering the problem of 
determining a convex polyhedron in space by means of its plane net; two 
problems arise in this connection, namely existence and uniqueness. After 
considering each of these classical problems the author goes on to consider 
a much more general question, namely the existence in the large of convex 
surfaces whose linear element has a given form. The author outlines a very 
elegant solution of the uniqueness theorem in this case, based on considera- 
tions of non-Euclidean geometry. The proof of the existence theorem ig 
much more difficult, leading to a problem in the Calculus of Variations of the 
same type as occurs in the theory of Relativity. J. A. T. 


The Teaching of Arithmetic and Elementary Mathematics. By W. L, 
Sumner. Pp. 255. 5s. 1938. (Basil Blackwell) 

This book is written for teachers in Senior, Modern and Central Schools, 
In these newly-established schools mathematics is not yet assured of its 
proper position. The view that it is needed only for the ordinary business of 
life (vide Math. Gazette, May 1938, p. 147, re Dr. Alington) has many sup- 
porters both inside and outside the schools. The author, in his first chapter, 
disposes of this view, and shows the need for mathematics in a cultural educa- 
tion. In teaching the subject it should be given “ its historic context ” and 
“its human and practical values”. This thesis is sustained and developed 
throughout the book. 

Chapters II to IV deal with the primary school, but are suggestive for weak 
Senior School pupils. In Chapter V a few general questions affecting the 
post-primary schools are discussed; e.g. aims, syllabus, backward pupils, 
use of problems and tests. The succeeding chapters, VI-XI, deal with methods 
of teaching particular parts of the syllabus. The author is well abreast of the 
times. His methods are modern and would be generally approved. The 
most valuable part of this section consists in the many interesting suggestions 
for making the work real to the pupil, and the historical information for the 
teacher’s use. The chapter headings are: Ch. VI: Fractions, decimals, 
percentages, proportion in arithmetic and mensuration. Ch. VII: Money, 
time, the metric system. Ch. VIII: Algebra, graph-drawing and logarithms, 
Ch. IX: Geometry and mensuration. Ch. X: Trigonometry, surveying, 
navigation, map-projections. Ch. XI: Civic and rural arithmetic. Chs. XII 
and XIII deal with by-ways of mathematics and the mathematics room or 
laboratory. Some useful suggestions about puzzles, number properties, cal- 
culating instruments, historical topics, mathematical society and apparatus 
are made. There is also a good bibliography, while particular books for the 
teacher’s reading are aptly recommended throughout the book. R. 8. W. 


Portraits of Eminent Mathematicians. Portfolio II. With brief bio- 
graphical sketches by D. E. Smiru. $3.00. 1938. (Scripta Mathematica, 
Amsterdam Avenue and 186th Street, New York) 

The eminent mathematicians of this second portfolio are Euclid, Cardan, 
Kepler, Fermat, Pascal, Euler, Laplace, Cauchy, Jacobi, Hamilton, Cayley, 
Chebishef and Poincaré. The portraits are large and clear, and those teachers 
who are on the look-out for collections of portraits for class-room purposes 
would do well to make a note of these two portfolios. T. A. A.B. 
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A COURSE IN GEOMETRY 


By J. L. LATIMER, M.A., and T. SmitH, B.Sc., Manchester Grammar 
School. Crown 8vo. 376 pages. 4s. 6d. Two parts 2s. 6d. each. 
Second Impression. 

“This course is a sensible one; its primary purpose is to exploit the 

sensible idea that single letters should be used for angles. ... Thereisa 

nice set of three-dimensional problems, also locus problems.... Asa 
whole this deductive course makes an excellent impression.”’ 
—Mathematical Gazette. 


A RATIONAL GEOMETRY 


By S. H. GLENISTER, M.Coll.H. Large Crown 8vo. 64 pages. Limp 
cloth. 1s. 6d. each. 
A practical three-book course for pupils of 11-14 years. 


EXERCISES IN ALGEBRA 


By M. J. G. Heartey, B.Sc., Letchworth Grammar School. Crown 
8vo. 270 pages. 3s. With answers 3s. 6d. Teacher’s Book, with 
answers, 2s. 

In this book, suitable for all School Certificate requirements, there is no 

book work, but instead a wealth of carefully graded examples, both oral 

and written, so that the pupil may “learn by doing”’. The Teacher’s Book 
with its ample explanations will have special appeal to the non-specialist 


teacher. 
MODERN SCHOOL ARITHMETIC 


By R. N. HayGartu, M.A., late of Lancing College, and E. V. Smitu, 
M.A., King Edward’s School, Birmingham. Crown 8vo. 320 pages. 
3s. With answers, 3s. 6d. 

A complete course to School Certificate, and one which will have special 
appeal in commercial and technical classes, as many of the examples are 
derived from technical and commercial journals. Much mental work and 
ample revision material are included. The chapters on proportion and 
variation are illustrated graphically and the method of equality of ratios 
replaces the unitary method. A refreshing book. 


INTRODUCTION TO MATHEMATICS 
By H. R. Coorey, D. Gans, M. Kune, and A. E. WAHLERT, University of 
New York. 9}x6 inches. 652 pages. ros. 6d. net. Illustrated. 
“This seems to be a really valuable book . . . well written and illustrated, 
surprisingly cheap. In scope one might place it midway between 
Whitehead’s Introduction and Hogben’s Mathematics for the Million.” 
— Journal of Education. 


GENERAL MATHEMATICS 


By H. Cranpatt and F. E. Seymour. Illustrated. Demy 8vo. 398 
pages. 6s. 

This book has many good features. It is well written, accurately phrased, 

and although in continuous touch with real problems, retains great 

clarity of principles. Strongly recommended for Teachers’ Library. 


Write for Special Prospectus to 


CEORCE C, HARRAP AND CO. LTD., 182 High Holborn, London, W.C.1 























SHORTER 


ADVANCED TRIGONOMETRY 
by C. V. DURELL, M.A., and A. ROBSON, M.A. 


Compiled in response to the opinion expressed by many 
teachers that an abbreviated form of the authors’ widely- 
praised Advanced Trigonometry (4th edition, 9s.) would be 
sufficient for the needs of most sixth-form pupils. This new 
volume meets the requirements of the various Higher Cer- 
tificate examinations. 


Complete 5s. Also in two parts, 2s. 6d. and 3s. 


GEOMETRY FOR SCHOOLS 
by A. H. G. PALMER, M.A., and H. E. PARR, M.A. 


A thoroughly workmanlike course in formal geometry covering 
the ground up to School Certificate standard in a way par- 
ticularly suited to the needs of normal pupils in Secondary 
Schools. The theorems are presented in the form in which the 
pupil is expected to write them out while the rest of the text 
is short and readily understood. The book contains a wealth 
of graded examples, and the large number of very easy examples 
forms perhaps the most important feature. 


Price 4s. 6d. Also in two parts, 2s. 6d. each. 


ELEMENTARY ANALYSIS 


by A. DAKIN, M.A., B.Sc., and R. |. PORTER, M.A. 


Written primarily to cover the syllabus for Additional Mathe- 
matics for the School Certificate and the Subsidiary Pure 
Mathematics for the Higher School Certificate of the Northern 
Joint Board. It will also be found to provide a very suitable 
year’s work for other pupils in the first year of the sixth form. 


Ready shortly. About 5s. 


G. BELL & SONS, LTD., PORTUGAL ST., W.C.2 


























